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mental principles fully and rigorously. To illustrate these 
principles many examples have been worked out and numerous 
examples for solution have been added after each important 
article. These examples have usually been selected from the 
question papers of various universities and from standard books 
on the subject. The book is complete as far as it goes and it is 
hoped nothing of importance has been omitted. Authors will 
consider their labour highly rewarded if this book is of some value 
to those for whom it is intended. 
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We shall be failing in duty if we do not express our thanks 
to Prof. C. R. Chaturvedi, Ex-Dean Faculty of Science Agra 
University, who co-ordinated the work, filling in gaps where 
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CHAPTER I 


INTRODUCTION AND DEFINITIONS 


1 * 1 . Origin. When we discuss the theory of bending of 
beams, oscillations of mechanical systems and of electric currents, 
conduction of heat, velocity of chemical reactions, diffusions of 
solvents etc., we come across equations which contain, besides the 
dependent and independent variables, different derivatives of the 
dependent variable with respect to the independent variable or 
variables. Many problems in Mechanics and some other branches 
of Mathematics can be easily handled with the help of such equa- 
tions. These equations arc called Differential Equations and are of 
the type 


d 'y - k iy 

dt * y> 

tt) 

a *y d 2 y 

dt 8 ax* 

(2) 

&=* [ ■+<- r 

(3) 

d %y _ * 1/3 

dx z y (I-fx l/2 ) 

(4) 


d jL + P y =f( x) . (5) 

The differential equations given in (l), (3), (4) and (5) involve 
only one independent variable and are called Ordinary Differential 

Equations. 

The equation given in (2) involves partial derivatives with 
respect to two independent variables t and x. The equations which 
contain two or more independent variables and partial derivatives 
with respect to them are called Partial Differential Equations. 

If a differential equation contains n th and lower derivatives, 
it is said to be of n t/l Order. Thus equations given in (1), (3) and 
(4) are of second order while that given in (5) is of first ordfer. 

The degree of an equation is the greatest exponent of the 
highest order derivative when the equation has been made rational 
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and integral as far as the derivatives are concerned. Thus equation 
(3) must be squared to rationalise it and then we find that the 


greatest degree of , the highest order derivative, is two Hence 


the equation is of second degree. The equations in (1) and (5) are 
ordinary differential equations of first degree and of second and 
first orders respectively. 

Note that the definition of degree does not require x or y to be 
made rational or integral. 

Any relation between the dependent and independent varia- 
bles which, when substituted in the differential equation, reduces it 
to an identity is called a Solution of the differential equation. A 
solution of a differential equation does not contain the derivatives 
of the dependent variable with respect to the independent variable 
or variables. 

12. Formation of differential Equations. We have already 
indicated that differential equations have been obtained as a bye- 
product of the study of certain problems in Physics, Chemistry and 
some branches of Mathematics. Here we show that they are also 
obtained as a result of elimination of constants.* This latter 
method of obtaining the differential equations gives us an idea as to 
what type of solution a differential equation will have. Consider 

y=Ax (0) 

where A is an arbitrary constant. 

Differentiating (6) we get 


dx 



Eliminating the arbitrary constant A with the help of (6), 


we get 






which is an ordinary differential equation of first order and first 
degree. If we substitute the value of y from (6) in (7), we get an 
identity A — A y and hence (6) is a solution of (7). Thus we see that 
the solution of an ordinary differential equation of first order and 
first degree will consist of one arbitrary constant. 

Next, let us take the relation 

y=A cos (jc+a) (8) 

•We have taken the case of ordinary differential equations only. Partial 
differential equations can be obtained by the elimination of arbitrary constants 
or of arbitrary functions. 
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Differentiating this we get 


—/— = —A sin (x+a), 
dx 


^ = — A cos (x+ct). 
dx 2 


Eliminating the arbitrary constants A and a with the help of 
(8), we get 



which is a second order equation. Hence, as before, we can say 
that the solution of a second order equation will consist of two 
arbitrary constants. 

In general, if we have an equation 

f (x,y, a, by Cy k) =0, 

containing n arbitrary constants, then differentiating it once, 

twice n times we get n equations. Between these n equations 

and the given equation, we can eliminate the n constants a, by 
c k to give us a differential equation of n lf> order.* 

This indicates that a solution of the n lf> order differential 
equation should contain n arbitrary constants. 

Manipulation of Arbitrary Constants. An equation involving 
arbitrary constants may be written in various forms. Thus 
log sin x— log (1— y) = c can also be written as y= I -\-c 1 sin x. Again 

sin' 1 x-t-sin- 1 y=c, can be written as xy/\~ y 2 +yVl — X 2 =c x , by 
putting c = sin _1 c x and taking sine of both sides of the equation. 

This shows that the solution of a differential equation may 
sometimes have different forms. 

1*3. Definitions. The solution of an ordinary differential 
equation of n lh order which contains n arbitrary constants is called 
the Complete Primitive or the General Solution. 

Any solution which is obtained from the complete Primitive 
by giving particular values to the arbitrary constants is called a 

Particular Integral. 

The Complete Primitive of (9) is given by (8) which can also 
be written as 

y=A cos x. cos a — A sin a. sin x 

or y=a cos x-\-b sin x, ...(10) 


•In exceptional cases a relation containing n arbitrary constants may give 
rise to a differential equation of order less than n. 
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indicating that the Complete Primitive can be obtained in different 
forms but the number of constants must be equal to the order ot 
the differential equation. Now y= cos at, is obtained from the 
Complete Primitive by giving to the arbitrary constants a and b the 
particular values 1 and 0 respectively. Hence this is a Particular 
Integral. Another Particular Integral is 

j>=sin x. 

Note. In some exceptional cases we find a solution of a differential 
equation which cannot be derived from the Complete Primitive in this way. Because 
of this singularity such a solution is called a Singular Solution and will be dealt 
with in a separate chapter. 

In many cases the Complete Primitive consists of the terms 
containing the arbitrary constants and a definite function of the 
independent variable For facility of solution the Complete 
Primitive is divided into two parts. The terms which contain the 
arbitrary constants are called the Complementary Fuaction and the 
remaining part which can be obtained by giving the value zero to 
each of the arbitrary constants is called the Particular Integral. 
Thus if the Complete Primitive is given by 

y=e x +A sin 2 x-\-B cos 2x, 

then e x is the Particular Integral and A sin 2 x-\-B cos 2x is the 
Complementary Function. 

Thus we can say that 

“The Complete Primitive or the general solution of a linear 
differential equation is the sum of the Complementary Function and 
the Particular integral.” 

This will be treated in the third chapter. 

14. Differentials. In the application of the calculus in 
Geometry, Physics etc., it is generally more convenient to write 
equations not in terms of the increments bx , by of the functions x 
and y but in terms of dx , dy , which are called the differentials of 
x and y. 

If y a function of only one variable x i.e. y=f (x}» and further 
if / (jc) is differentiable, then we know that 

8y={f (*)+ E ) Sa:, (1) 

where e-M) as bx-> 0. For small values of bx, the increment in y 
i. e. by is only approximately equal to /' (x) 8*. We define the 
isolated symbol dy by the relation 

dy =/' (x) gx. (2) 

It should be noted that the increment in y is and is given 
by relation (l) while the differential of y is dy and is given by 
relation (2). 
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When y is equal to x, we have from (2) 

dy=dx=Sx, as/'(x) = l. (3) 

Hence we get from (2) and (3) 

dy=f'(x) dx W 

Thus, we have =/' (•*)> ^ 

which shows that f (x) is the quotient of the differentials dy, dx. 

Thus we find that -J- acquires a double meaning. In the 


first place it means (y) where is a 


symbol ; in the second it 


means the quotient of dy t dx. 

However, there is no inconvenience in this since the relation 
(6) is true whichever meaning we choose. 

EXERCISE I 

1. Determine the differential equations whose general 
solutions are given below. [ c lt c 2 and c are arbitrary 

constants ]. 

(a) y=c, sin mx-\-c 2 cos mx ( b ) y=c x x+cjx 
(c) y=cx+c-c* (d) y 9 —2cx—c 2 = 0. 

2. Show that 4y=c x X 6 +C t x+\l3x is a solution of 

X* ^X-5x^+5y=llx. 

dx - dx 

3. Show that y=c x + cjr is a solution of 



cPy 

dr 2 


4.1 Jy 

+ r dr 



. i ^ 

Eliminate a and b ffom the relations 
(a) y=a log x-f 6 (b) 


ay=ae K +be- x . 



CHAPTER II 


EQUATIONS OF FIRST ORDER AND FIRST DEGREE 


2*1. The differential equations of first order and first degree 
can always be written as 

dx 

For convenience this equation is generally written as 

M dx+N dy=0. 

The following methods help us in solving such differential 
equations easily : 

1. Integration by Inspection, 

2. Separation of variables, 

3. Homogeneous equations, 

4. Linear equations. 

2*2. Integration by Inspection. Some equations are easily 
integrated by mere inspection. 1 his is generally the case when the 
equations are exact. For example, y 2 dx-\-2xy dy is the exact 
differential of y z x and hence the solution of the differential equation 

y 2 dx+2xy dy= 0 
is at oncewritten by inspection as 

y 2 x=c, 

where c is an arbitrary constant. 

Ex 1. Solve the differential equation 

dy .i- a x+hy+ s _n 

dx hx+by+f 

We have (ax+hy+g) dx+'hx+by+f ) dy= 0 

or axdx+bydy+h ydx+xdy ) +gdx+fdy= 0. 

Integrating it we get 

\ax 2 + \by* + hxy -f gx +fy = const ant 
or ax 2 + by 1 -f 2 hxy + 2 gx + 2fy = c , 

where c is an arbitrary ^constant. 

2*21. Integrating Factors by Inspection. Sometimes the equa- 
tion cannot be integrated directly as it stands but it becomes inte- 
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grable (by inspection) when it is multiplied by some function of x 
and y. The function which multiplies the equation to make it 
exact is called Integrating factor. As soon as the equation is 
multiplied by the integrating factor, the solution of the equation 
can be found out by inspection. 

To be able to find out the integrating factor for a given 
equation by inspection, we should be able to recognize the differen- 
tials of some simpler functions. Typical examples of these are 

\, . , ^xdy—ydx xdy—ydx xdy—ydx ydx—xdy 

xhy+ydxj y - > y * — • xy • 


xdy-ydx 2 xydy- y 2 dx y*dx+2xydx 
x*+y * ’ * 2 


x*y* 


x*+y* 

xdy+ydx 
V 1 — x 2 y 2 


which 


tan" 1 (y/x), y'fx. 


are easily seen to be the differentials of 

xy, ylx , -x/y, log (yjx), tan- 1 (xfy), 

— 1 /xy 2 , sin -1 xy, 

respectively. 

^ Ex. 2. Solve : ydx—xdy =0. 

The equation, if divided by the integrating factor 1/y 2 becomes 

ydx—xdy b0 

y * 

which is integrated by inspection to give 

x/y= constant. 

Ex. 3. Solve : cot y dx—tan x dy— 0. 

Multiplying by sin y cos x, we get 

cos x cos y dx— sin x sin y dy=0 

which is integrated easily to give 

sin x cos y=c , 

where c is an arbitrary constant. 

Ex. 4. Solve: (x 3 -f xy*+a 2 y) dx-\- (y 3 +yx 2 — a 2 x) dy=0. 

We have (x*-f y 2 ) ( xdx-\-ydy)+a 2 (ydx—xdy) =0 


or 


xdx+ydy+a* ^^=0. 


Integrating this we get 

i (x 2 + y 2 )+a* tan" 1 ( x/y)=c , 
where c is an arbitrary constant. 


Ex. 5. Solve 
We have 


or 


(x+2 y*) j x =y- ' 

2 y 3 dy= ydx—xdy, 

2y dy= (ydx — xdy) f y a . 
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Integrating this we get 

y*+c=x/y t / 

where c is an arbitrary constant. \/ 

EXERCISE II (A) 

1* (y+x) dx+x dy= 0. *^2. y (1+jry) dx— x dy=0. 

3. sin x cos Y+y*=0. 4. (x+y)dy+(y—x)dx=0. 


5. 

6 . 
7. 
9. 

10 . 


x dx+y dy+ x Jy=l^= 0. 

x*+y z 

( x*+3xy *) </y+(>> 8 +3y 2 >0 dy= 0. 

*%+y=y''o gx . 8. d =*-*’• 

x dy — y dx — cos (1 /y) </y=0. 

X rf-V+J. <» + z dz z dx-xdz +3 s dx-\-2by dy+cdz= 0. 


11 . y </y+>> + ^ / -=0. 

* 2 4-y 2 

12. y ^/y+J dy=m (y dy—y dx). 

1 Hint. Divide both sides * 24 - y 2 and integrate]. 


2 3. Separation of Variables. 

When the equation M dx+N dy= 0 can be put in the form 

/1 (*) dx+ft (y) dy = 0 t 

then it can be easily solved by integrating each term separately. 

The solution of the equation given above is 

/ f x (y) dx+ f f 2 (y) dy=c, 
where c is an arbitrary constant. 

^/Ex. 6. * Solve sec 2 y tan y dx-\-sec z y tan x dy= 0. 

We have dx=- s ^- dy, 

tan y tan y 

in which case the variables y and y have been separated. Integra- 
ting we get 

log tan y= — log tan j’ + constant 
i e. tan y. tan y= constant. 

•This can be integrated easily by inspection also as it is an exact equation, 
the left hand side being the differential of tan x tan y. 
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^ V Find the foci of the curve which satisfies the differential 
equation 

(l+y*) dx—xy dy= 0, 
and passes through the point (1,0). 

Wc have — = °‘ 

x l +y z 

Integrating it we get 

log x— £ log (l+y*)=log c 

or x=cv' i +>’ 8 

If the curve passes throught (1, O', we must have c=l, hence 

the curve is 

x=y/\ J cy* or x 2 — y 2 = 1. 

It is a rectangular hyperbola, and its foci, are evidently 

( ±V2, 0). / 

EXERCISE II (B) V " 


1. x cos 2 y dx =y cos 2 x dy 


2. 4>W-v+x* e~ v 
dx 


3. x 2 ^+y= 1 


'7. 

8 . 

9. 

✓ 10 . 


4. y</x+(l+x a ) tan- 1 x dy = 0 

a — />*+V _1_ v-2 £ V 


(xy»+x) </x+(y x 2 +y) </y=0 6. jg -«■+»+** 

(3+ 2 sin x+cos x) dy— (1+2 sin y + cos y) <fx 
x -1 cos 2 y </y+y _1 cos 2 x dx= 0 

(«* + l) >> d>=ty + l) dx 

cosec x log y dy+x 2 y* dx=0 

m 

-I </y_ sin x + x cos x 

y (2 log y+1) - 

12 . cos y log (sec x + tan x) dx=cos x log (sec y+tan y) dy 

13. (x*^-yx 2 ) </y+(y*+xy*) dx=0 

14. (sin y+y cos y) dy — (2 log x+1) x dx=0 

15. 3e* tan y </x+(l — e*) sec* y dy= 0 

M. ,+£ ). 


2*4. Homogeneous Equations, 
which can be expressed in the form 


This case includes equations 
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In such cases substituting y=vx , < jj c =v ~^~ x £ c cna ^ cs us to 



solve the equation. ' * 

t Ex. 8. Solve : y 2 dx+(xy+x*) dy= 0. 

Since this is easily seen to be the case of homogeneous equa- 
tion, put y=vx and ^==v+x~ to give 

^ dx 1+v 


or 


dv _ v+2v 2 

* dx~ 1+v 


or 


</x_ (l+v) dv 
x v-f2v 


a 


lo,,-/ £+»)* 


v (2V+1) 


=/ *-/ 


dv 


or 


2v-f 1 

=log v— \ log (2v+l)+constant 
2 log x+2 log v— log (2v + l)=log c t 

where c is an arbitrary constant. 

Hence we get x* v 2 /(2v-f l) = c. 

Since v=y/x, this reduces to 

xy*=c (2 y+x), 
which is the required solution. 

2*41. Non-homogeneoos equations of the first degree In x and y. 
These can be put in the form 

dy _ qx+by+c ...n) 

dx a’ x+b' y+c' 

In this the substitution x=X-\-h and y=Y-\-k where /», k are 
constants, gives 

dY aX+bY 


provided that 
and 


dX a'X+b'Y 

ah-\-bk-\-c=0 t 
a'h+b'k + 


• •• 


( 2 ) 


-c=0, \ 

^= 0 , / 


...(>*) 
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Relations (A) determine the constants h and k. With these 
values of h and A:, (1) transforms to the form (2), which is the 
homogeneous form and can be integrated by the method given 

before . 


Ex 9 Solve * 4?=®*- r y - 7 
Ex. 9. Solve . dx 2x+3 y __ Q 


( 1 ) 


Putting x=X+h, y=Y+k, so that dx=dX, dy=dY, we get 

dY 6AT-2 Y (2) 

dX 'IX+3Y 

provided that 0/i — 2k— 7=0, 

and 2h+3k — 6=0, 

which give /j = 3/2 and k — 1. 

In (2) putting Y=vX and -L = v + X -J x > wc 8 ct on simp ' 


lification. 


dX 


6v+4 


dv, 


we get 


X 2(3v a +4v-6) 

which on integration gives 

X 2 (3v a +4v— 6 )=c, 

where c is an arbitrary constant. 

Substituting the values of v, we get 

3Y*+4YX-QX 2 =c, 

in which putting Y=y—k=y— i and X=x—h—x—3l2 i 

3 { y- l)*+4 (y-1) (JC-3/21-6 (x-3/2)»=c 
or 3^*+4x>»— 6x 2 -12j>-bl4x=/c, 

where k is an arbitrary constant. 

2-42. Special Case. Sometimes the differential equation can 
be brought to the form 

dy_ ax+by+c 
dx r ( ax-\-by)+c ' 

where r is any number. 

In such cases the substitution ax-\-by=t, * trans " 

forms the differential equation to a form which can be solved 
easily. 

Ex. 10. Solve : {2x+y + 1) dx+(4x+2y-l) dy= 0. 

... u d y 2x+y+l 

We have -/- = — — ^ — p— . 

dx 2 (2x+y)-l 
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Putting 2x-{-y—t, we get 

dt _ 2 — J±L 

dx 2t—l 

. dt 3 (/-l) 

dx 'It - 1 


This 


1 . 

2 . 

3. 

4. 

5. 


6 . 

8 . 

9. 

10 . 


11 . 

12 . 



15. 

16. 
17. 


easily gives 

-/f& ■* 


2 (/— 1 ) +1 


3'(r-l) 


=/ 


3x=2r-flog (r— i)-fc 

= 2 (2x+>>)-flog(2x+>'— l)+c 

x-f2>»+log (2x+j» — l)-{-e=0 


EXERCISE II (C) 

Solve : 

1 ) ^=(X+>» + l) 

(2x+2.y+l) 4y=(*+.y+l) 

(2x-l-3>>— 5) dy + {2x+3y-l) </x=0 
(a: 2 -^ 1 ) </>-=( a : 2 -fxjO dx 
[ a: cos \y\x ) +y sin {yfx) ] y dx 

— [ y sin (y/x)—x cos ( y/x ) ] x dy = 0 

( x'-y *) </A:+2*y </v=0 -7. ^=^+tan ^ 


(2at — 2>»+6) dy—(x~-y+3) dx = 0 
{x+y+l) dx—{2x+2y+\) dy = 0 


_y 2 =(xy — X 2 ) 




a: sin (Wx) dy=[ y sin (yfx)— x ] dx 

(x 2 +>- 2 ) dy—xy dx - 13. x 2 </y+.V (*+>0 dx 



d y=y_>y* 

dx x ^ x 2 


(0x— 5>»+4) rfy-Hjy — 2x— 1) dx=0 
(x— 3j>-{-4) dy+ (7y — 5x) dx= 0 
(2X-H.V+3) dy={2y- i r x-\-\) dx 
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-18. xdy— ydx=\/x 2 +y 2 dx. 

«■ 19. x (x 2 + 3 y 2 ) dx+y 0>*+3x*) dy= 0 
- 20. {x 2 +y 2 ) dx—2xy dy= 0 

21 . = 22. (x— y) dy=*{x+y+l) dx. 

dx x-\-2y — 3 

23. {x-y- 2) dx-(2x-2y-Z) dy= 0. 

2-5. Linear Equations, /in equation of the form 


- y -+Py=Q, 

dx 

where P and Q are functions of x ( or constants) is called a linear 
equation of the first order. 

Suppose R is an integrating factor, then the left hand side of 

„Rjy+RPy=RQ 

dx 

is the differential coefficient of some product. Since the term 


ty. can only be derived by differentiating Ry, we put 
dx 


R % +RPy ^ Ry) - R t +y 


dR 

dx 



or 


log R= f P dx, whence R=e$ P d x . 


Hence we have determined the integrating factor, R t and so 
we have the rule : 

To solve < Q+Py=Q t multiply both sides by e $ P dx % which is 
an integrating factor and then we get the integral as 

y. e f Pdx =j Qef Pdx :dx 


Ex. 11. Solve : cos x d ? +y sin x= 1. 

dx 

We have to solve 

^+v tan x=sec x. 
dx 



14 differential equations 

Since P=tan x , we have 

fP dx= f tan x dx = log sec x t 
The integrating factor is 
log sec x 

e =sec x 

Multiplying (1) by sec x , we have 

sec x ~+y sec x tan x=sec 2 x 
dx 

y sec x= f sec 3 x dx= tan x + c, 
where c is an arbitrary constant. 

^ Ex. 12. Solve : +2xy=e~* 2 

dx 

Here P— 2x, and so 

/ P dx=f 2x dx=x 2 y 

and the integrating factor is e x 2 . 

Multiplying the equation by the integrating factor we get 

■** dy +2x e xi v=l, 


dx 


which gives e x . y= f dx=x-\-c, 

where c is an arbitrary constant. 

* Ex. 13. Solve : ( x+2y a ) Q=y. 

We have 1*=2 v*. 

This is a linear equation if we take x as the dependent and j 
as the independent variable. Hence integrating factor is 

e fP dy_ — f (1 /y) dy = l_ 


Thus we have — ( \ 

y ' dy y ' 

which gives the solution as 

* (i/y)=y*+c 

or x—y (j>*+c). 


= 2 y», 
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Aliter. The equation can be put as 

2 y dy=(x dy—y dx)Jy z , 
which easily gives the solution by inspection. 

2-6. Equations reducible to the linear form. 

Some equations can, on suitable substitutions, be reduced to 
the linear form, and hence can be solved easily. This method is 
illustrated below. 

/ Ex. 14 *Solve d ^+Py=Qy*> where P and Q are functions of 

dx 

x and n is any number. 

The equation can be written as 

y~ n y 1 ~ n =Q- 

Put y l -=v, so that ^=(l-/i) y~ n Q- 
The equation transforms to 

*+(l-n) Pv= (1— «) Q. 

which being linear in v can be solved easily by the method given fop 
linear equations. 

* Ex. 15. Solve : d -r-+x sin 2 y=*x 9 cos 8 y. 

dx 

The equation can be written as 

sec 8 y $+2* tan y=x a . 
dx 


Putting 


tan v=v, so that sec*y ~ 

dx dx 


> 


we get ^_-p2xv=x*, 

for which P=2x and so f P dx= f 2x dx=x* 

Integrating factor is «•*; 

The equation in v becomes 

e ** d J~ +2xv e x2 = f x* ePjdx. 


*Tbc equation is Bernoulli's Equation and was studied by biro in 1695. 


10 


DIFFERENTIAL EQUATIONS 


Integrating this we get 

where t=x % 

=* [ t e*— f e * dt ]=£ e * (/— l)+c 


* 8 . v=i / te'dt. 


£** a tany=| e* (x*-l)+c, 
where c is an arbitrary constant. 


EXERCISE II (D) 


/ 


1. 


6 . 


7. 


8 . 


Solve the following equations : — 
dy 


dx 


4-y cot x=2 cos x. 
dy 


^ 2 . cob 2 x ^+v=tanx 

dx 


y 3. x cos x--+y (x sin x-f cos x) = l. 

dx 

y 4. (y—x sin x 2 ) dx+x dy= 0 . y/ S. x log x ^\-y=^2 log x . 


dv 

sin x cos x £ c == y + sin x. 

dx= 0. 

y 2 Jx+(x-i) </y=0. ^ 9 


^£+3x 2 y=x fi <?** 


10. !=(!+*) e*secy. 11. ^+^-^7=1. 


15. 




dx l+x 

y !2. d y+‘Ly = sin x 
ax x 

■** 14. (i-hy+**y) rfx-Hx-f* 3 ) </y=o 

l 


13. (l+y*)rfx=(tan“ 1 >>— x)dy, 


Jy + x 


y= 


dx 1+x 2 " 2x (1+x 2 ) 


16. — tan y = — r tan y sin y 

rfx x x 1 

n. d / x + £ log y= y 2 (log y y. 


(Put y= sin** 1 /) 


(Put y=e f ) 


EQUATIONS OP FIRST ORDER AND FIRST DEGREE 


17 


*18. 

dx 

(Put >>=log /). 

19. 

y (2xy+eP) dx—e* dy=0. 


r20. 

dy 

2 Jfe—y sec tan *. 

21. cos *=)>" sin 2x. ^ 


2*7. Further Remarks od Exact Equations. In order that the 
ordinary differential equation Mdx + Ndy=i) should be exact, there 
must exist a function u ( x , y) such that du=Mdx-\-Ndy. 

Theorem. The necessary and sufficient condition for the 
ordinary differential equation Mdx-\-Ndy = 0 to be exact is 

dM = dN 
dy dx 

The condition isjiecessary. 

Now du= — dx-b-- dy. 

dx dy 

Further, since the equation is exact, we have 

du= Mdx + Ndy 

;. M=^i and N= dU 

dx dy 

or M=-£«and 

dy dydx dx a xdy 

. dM _ dN 

** dy dx ' 

The condition is sufficient . We have to show that if 

• ^en Mdx+Ndy=du . 

Let / Mdx=P. M=*?~ 

dx 

or dN L= dM -*' P r ( dP \ 

dx dy dydx dx \ a>> / 

••• 
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differential, equations 


Using these values of M and N* we get 

Mdx+Ndy=-^~ • dy+f(y)dy 

ox oy 

=d[P+F ( y ) ], 

where d [ F (y) ]=/ (y) dy. 

Writing P+F ( y) = u (x, y), we get 

Mdx+Ndy=du. 


Hence the condition is also sufficient. , - 

2-8 Method for solving an exact equation. To solve the 

exact equadon Md X +Ndy=0, it is necessary to find thefunct™ 
u / v V ) It is often possible to arrange the terms in groups each 
of w’hfch is an exact differential and hence u (X, y) can be obtained 
by inspection only [ Refer Art. 2*2 ]. 

If this cannot be done, we first ascertain with the help ot the 


condition =1*L whether the equation is exact or not. If the 

dy dx 

equation is exact, the value of u (x, y) can be found with the help 
of the relation 


0X 

Partial integration of this gives 

u— f Mdx-\-f (y), 

the constant being possibly a function of y since y is treated as 
constant during the integration. 

The function / ( y ) can be found by equating the total diffe- 
rential of u to Mdx-\-Ndy. 

Since all the terms of u (x, y) which contain x must appear 
in f Mdx, the differential of this integral with respect to y must 
have all terms of Ndy which contain x; hence we have the following 
rule for solving the exact equation A fdx-\-Ndy=0 : 

“ First integrate the terms in Mdx treating y as constant , then 
integrate those terms of Ndy which do not contain x, and equate the 
sum of these integrals to a constant .” 

Ex. 16. Solve : (a a -2xy-y 1 ) dx— (x+y) 9 dy=0. 


Here =-l N = — 2 (x+jyl 

dy dx 

nd hence the equation is exact. 


/ Mdx=a* x — x 2 y— xy 2 , 
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and — y 1 dy is the only term in Ndy free from x, and so the 
solution is 

a 2 x -x 2 y-xy 2 -y*l3=c. 

EXERCISE II (E) 

Solve the following differential equations : 

1. **+&- ■ 

2. (l+4xy+2y 2 ) dx+{l+4xy+2x 2 ) dy= 0. 

29. Integrating factors. We proceed to show that the 
number of integrating factors for an equation M dx + N dy = 0 is 
infinite. 

Let p be an integrating factor, so that 

n (Mdx+N dy)=du 

and hence u=c is a solution. 

If / (w) is any function of u , we have 

h/(m) [ M dx-\-N dy ]=/ ( u ) du. 

The right hand expression is an exact differential since /(«) du 
can be easily integrated to give F yu). Thus a solution of the 
equation is F (u) = c. Hence we see that n f (w) is also an integra- 
ting factor of M dx+N dy=0 t and since / ( u ) is an arbitrary func- 
tion of u, the number of integrating factors is infinite. 

Rules for finding out integrating factors. We have already 
seen that sometimes an integrating factor can be found out by 
inspection only. When it is not possible to get an integrating 
factor by inspection, some rules enable us to find it. These rules 
are given below. 

Particular case. When Mx ± Ny= 0 the equation 

Mdx -f Ndy — U 


becomes 



y 

X 


% 


which can be integrated easily, and no integrating factor is 
necessary. 

Rule /. When Mx-\-Ny^£Q and the equation is homogeneous. 

is an integrating factor of Mdx+Ndy=Q. 

Aix+Ny 

We have 

M dx-\-N dy 


= h {{Mx+Ny> ) + (Mx-Ny) (^~^)} 

= i {{Mx-\-Ny) d [ log xy ]-\-{Mx-Ny) d [log {xjy)j} (A) 
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Since Mx+Ny^O, we have 

Mdx+N dy = 1 d { , og X y ]+ i d C ’°8 (*W 1 

Mx+Ny 2 ° 2 Mx+Ny 


Now M dx+N dy is homogeneous and hence 


Mx—Ny 

Mx+Ny 


is homogeneous and equal to a function of (x/y)» say f { x/y )♦ so 
that 


M d x + N dy j d [log ( xy)] + $ / (jc/>>) d [log (x/y)] 
jlfx+A(y “ 

= \ d |log {xy)] + £ F{log (x/y)}- d [log {xjy)], 

since / ( xfy ) =/ [e° g (x,y) ]=F [log (x/y)} . 

The right hand side of this relation is an exact differential. 

Hence L__. is an integrating factor. 

Mx+Ny 

Rule II. When Mx-Ny^0 and the equation can be 
written as 

[ / {xy) ] y dx+F [ (xy) ] x dy=0. 

1 is an integrating factor. 

Mx+Ny 

Since Mx—Ny^£0, dividing ( A ) of Rule I by Mx—Ny » 
we get 

M dx+N dy = l Mx+Ny d [log xy]+k d ( i og (x/y)]. 
Mx—Ny 2 Mx—Ny 

Since M=[f(xy) ] y and N=[ F ( xy ) ] x, we have 

M dx+N dy_ _ f (x y)+F (* y)_ d [Iog (j£J , )]+ [i og (x/y)] 
Mx—Ny f {xy) — F {xy ) 

= * 4> {xy) d [log {xy)] + \d[ log {xfy)] 

= i + [ log {xy) ]. d [ log {xy) ] 

d [ log {x/y) ], 

since (xy)=4> [e log [ log (xy) ]• 

The right hand expression of the above relation is an exact 

differential and hence . is an integrating factor. 

Mx — rty 
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Rule III. When ~ 

N 

say / (*), then 


( dM_ _ dN \ j s a f uncl | on 0 f x alone 
' dy dx ' 


e ffWdx 


is an integrating factor. 

Multiplication of M dx-\-N dy*= 0 by ^ gives 

M x dx-\-N x dy=0, where 

M X =M ef * (x) dx and N X =N e$ f (jc) dx 

Now <^l-=ef f dx **L + N.f( x ) ef fW dx 
dx dx 


say 


«*//(*) dx dN +\ dM - dN I <?/ /(*) dx 

dx L dy 0X j 

=e f/W dx dM _dM x 

dy dy * 

so that A/ x t/x+Afj dy=0 is also exact and hence ^ is 

an integrating factor. 

Aliter. Let m be an integrating factor of M dx+N dy=0. 
Multiplying by /*, we get 

{tiM) dx+(nN) dy= 0. 

This must be exact and hence the condition 



Now suppose ^ is a function of x only, so that 


=0, then 
dy 


du 1 / dM d N \ , 
-i=N '~dy dx ) dx 



Now since n is a function of x alone, the right hand side of 
A must also be a function of x only. Let us take 


1 / ?M dN \ f . 
N ^ dy dX / ^ (X) * 


4 
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so that {A) becomes 

*JL=f{x)dx, 

giving / ( x ) t Hence the result. 

Rule IV When — ( -ffi- is a function of y alone, 

M ' dx dy ' , . . 

say <f> ( y ), then e$ * ^ dy is an integrating factor. 

This can be proved in the same way as Rule III. 

Rule V. If the equation is of the form 

x a y b {my dx-\-nx dy)= 0, 

then x km ~ a ~ l y kn ~ b ~ 1 t where k has any value, is an integrating factor. 
Assume that x v y q is an integrating factor of 

jc° y b {my dx-\-nx dy)= 0. 

Now * *+“ y 0+b {my dx+nx dy) is exact if 

m {q+b + \) = ?i (p+fl + 1) i. e. = p ^ a ^ =k, 

where k is any number whatever. 

p—km—a—l, and q=kn—b—\. 

The integral of the exact differential 

yfcm — i yfcn-i ( m y dx+nx dy), 

is easily seen to be (1 /k) x km y kn if k^O. 

Thus we see that x km ~ a ~ l j*"-*- 1 , where k is any number 
whatever, is an integrating factor of 

x° y b {my dx-\-nx dy)= 0. 

When an equation can be put in the form 

x° > ,b {my dx-\-nx dy)+x e y d {m x ydx+n x xdy) = 0, 
we can easly 6nd an integrating factor. 

An integrating factor of first term is x km ~ a ~ l y*"-*" 1 and that 

of the second term is x k \ m \— c —^ yk\ n \ d 1 , where k, k x have 
any values. These two factors are identical if 

km—a—l = k 1 m x — c 1 and kn—b — l=k 1 n x —d— 1. 

These easily determine k and k x . [ See solved example 21 ] 

2T0. Illustrations. Some examples to illustrate the applica- 
tion of these rules are given below. 
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• EX. 17. Solve: x*y dx—(x*+y*) dy= 0. 

Here Mx+Ny=x a y—x 3 y—y i = —y*, hence 
grating factor. 

The equation becomes 

dx+^+Z- dy= 0, 

yO 


— 1 fy* is an inte- 


or 


or 


*= * dx-4~ *y 

y y* y i 

log y— ^ 


3 y 


3 


y= C e X ^ 3>,S , where c is an arbitrary constant. 

Ex. 18. Solve : 

(xy sin xy+cos xy) ydx-\-(xy sin xy — cos xy) xdy=0. 

Here Mx — Ny= t 2xy cos xy, and we see that in this case Rule 
II can be applied considering the form of the equation 

The integrating factor by Rule II is l/2xy cos xy, and hence 
the equation becomes 

tan xy. (ydx+xdy) +^— v = 0 

x y 

or log sec xy+log x — log y=log c 

* — sec xy=c, 

y 

where c is an arbitrary constant. 

Ex. 19. Solve : (y + i y’ + i x 2 ) dx + ± ( x+xy 2 ) dy= 0. 

Wchav 4( w~f* ] 


hence 


/.F.=ef dx 



The equation becomes 

4x*ydx J rX i dy+± x*y’'dx+x*y 2 dy-{ 2x c ‘dx = 0 
or x*y+l x*y*+h x*=k. 

The solution is given by 3x*y+x A y 3 +x° = c, 

where c is an arbitrary constant. 
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Ex. 20. Solve: {3x*y*+2xy) dx+tfx'y'-^x*) dy~Q* > 

We have ? \ , 

i (A N _ 3A / ') = -2 (2x+3xV)-r[y (2x+3 *V) 3= — */»» 

a/ \ a* ay ' , 

Hence / F =e~~ f (2 ^ dy =l ly*- 
The equation becomes 

3x i y*dx-\-2x 3 ydy+^ dx — ~~ dy— 0. 

.*. The solution is x 3 y 2 -\-x 2 ly=c, 
where c is an arbitrary constant. 

Ex. 21. Solve : {y 3 — lyx 2 ) dx+{2xy 2 -x 2 ) dy=0. 

The equation can be written as 

y 2 (ydx+2xdy) — x 2 (2ydx+xdy)=0. 

In the case of first term a=0, b= 2, m= 1, n=2 and hence the 
integrating factor according to Rule V is where k has any 

value. 

Similarly for the second term a= 2, b—0, m= 2, n=\ and 
hence x 2 *' -3 y k '~ l is an integrating factor. 

These factors will be the same if 

k— \ = 2k' — 3 and 2k— 3=fc' — 1, 

which give k = k'=2. 

Hence xy is the common integrating factor for both the terms. 
The equation becomes 

xy 2 (ydx+2xdy) — x 3 y (2ydx+xdy)—0 
or xy 4 dx+2x 2 y 3 dy—(2x 3 y t dx+x € y dy)*= 0 
or 1 x 2 y*—\ xV= constant. 

Hence the solution is 

x*y* (y 2 — x 2 )=c, 

where c is an arbitrary constant. 

EXERCISE II (F) 

Solve the following equations : 

• 1. {x 2 y—2xy 2 ) dx—{x 3 —$x 2 y) dy= 0. * 

2. (a) (x 4 y*+x 2 y 2 + xy) y dx+(x* y*—x 2 y 2 -\-xy) x dy= 0. * 

* [b) y (xy + 2x 2 y 2 ) dx-\-x (xy—x 2 y 2 ) dy= 0. 

' 3. (y*-\-2y) dx+(xy 3 +2y*—4x) dy= 0. 

» 4. *Xa) (x^JP 2 ) dx—2xy dy= 0. 

( b ) C20x 2 +Sxy+4y 2 +3y 9 ) y dx 

+ 4 (x 2 4-xj > 4->’ 2 4->' 3 ) x dy— 0, 
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5. .(a) (y 2 +2x*y) dx + (2x 2 -xy) dy = 0. 

\b) [2 y dx+ 3x dy)+2xy {»y dx+ 4x dy)=0 


Miscellaneous Examples on Chapter II 

Solve the following differential equations : 

, xdx+ydy, 

* • ~~ ■ " ■ . " 


2 . 


' 3. 


V c-^-) 


( Hint. Change to Polars. ) 

/ x-\-y—a \ dy = x-\-y+a ; 
\ x-\-y — b ' dx x+y+b 

(x-yY d J=a\ - 


* 4 . (x+yY %=“'■ 


5. iV^Ux+y + l) 2 / [ Put 4x+>»-fl = f 1 

dx 

» 6. x/)j'->’=r\/x 2 +^. 

1 7 - *s +>l log y= * * *"• ^ 

.8. ,+>•+( x -e-^-'y) d £=0^ 

. 9. x d ?—y= ^/x'+y 2 . 
dx 

10. (x 2 +y 2 -a 2 ) x dx+(x 2 -y 2 -b 2 ) y dy= 0. [ Eq" is exact ] 

lt x*+y*+l 

“* rfx 2x>> • 

s/ 

* 12. x dx-hy dy=m (x </y-.y </x), by changing it into polars. 

• 13. y dx-\-{ax 2 y n — 2x) dy= 0. ^ 

* 14. y (2x 2 y-\-e*) dx— {e x -\-y :i ) dy= 0. 

k 2 

where k and g are constants, and x=0 when /=0. 

• 16. y dy+by 2 </x=a cos x t/x. ^ 
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17. 


18. 

19. 

20 . 
21 . 


* 22 . 


• 23. 

• 24. 
. 25. 

• 26. 

♦ 27. 

• 28. 

• 29. 


< 30. 

31. 
» 32. 


(x*+y*-\-x) dx— {2x*-\-2y*--y) dy=i 
(2 y dx+3x dy)+2xy (3 y dx+ 4x dy)-. 

{j>(l + l/*)+cos y } d x -\-{x-\-\o% x—x 

(2x+2y+3) dy=(x+y+ 1) dx. 

dy_ x (2 log x+l) ^ 
dx sin y-j-y cos y 

d l+x 2 =x 2 u 
dx 


dy 

</* iin (x+y)+cos ( x+y ).' 

dy, tan y 1 

i = , tan v sin y. 

dx x x 2 * J 

( x 2 —ay ) dx=(ax~y 2 ) dy. 
y (2 xy+e*) dx—e* dy=0. ^ 


y 2 +x 2 ^=xy^. 


■ 2 d y dy 


dx 


dx 


d y _i_ y _ x+vi-x* 

dx ^ (l-x 2 )*'* “ (1-x*) 2 

y dx—x </.M-(l+**) dx+x* sin y dy= 


sec 2 y d ?-\-2x tan y=x*. s *' 


33. Solve the equation *? + **+by+c = 

dx bx+f y+e 

Hence show that if the tangent to a curve 

is known to be inclined at tan” 1 / ax+b y+c 1 

l bx+f y + e j 

the curve must be a conic section. 


= 0 . 

sin y } dy— 0. 


0. 

0. 

at any point (x,y) 
to the x-axis. 


CHAPTER in 

ORDINARY UNRAR DIFFERENTIAL EQUATIONS 
WITH CONSTANT COEFFICIENTS 

31. Definition. An ordinary linear differential equation of 
n ,h order has the form* 

dy pd^_y + +P dy +Pn y = Q, .(1) 

dx n dx n ~ x dx 

where P lt P 2 , P n > are functions of x or constants and do not 

contain y or derivatives of y. 

If p p p n are constants and Q is any function of x , 

the equations of the form given by ( I ) are called ordinary differen- 
tial equations with constant coefficients. 

In this chapter we will consider only the ordinary differential 
equations with constant coefficients. The following theorem* are 
of great importance in the study of these linear equations. ^ 

Theorem l. If y=f (*) is the general solution of 

d"y +p d"±y + +p„ y =o, - v .(2) 

dx n dx n ~ x 

and v=<f> (x) is solution of equation (1), then 

* y=f(x)-H>(x), (3) 

Is the general solution of ( 

P +P,^ y 1 + + P.-i-£r+Pj>=Q 0) 

dx n dx n ~ x dx 

Substituting the value of y from (3) in (1) we get the left 
hand side of ( l) 

<Z +P '^ + +p " / > 

+<£r+*£*-+ +*.*)■ 

•If the coefficient of ~fcn~ in not uniiy, it can always be made unity by 
dividing the equation by this coefficient. Thus (1) is the most general form. 
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Now, since y=f ( x ) is a solution of (2), the first group of 
terms within the brackets is zero. Similarly the second group of 
terms is equal to Q since y=4> (x) is a solution of (1). 

Hence (3) is a solution of (1). 

This theorem enables us to divide the method of solving a 
linear equation into two parts. 

First, we find the general solution of the equation (2) which 
we will denote, say, by 


y=fi fa, c 2 c n , x). 

Next, we find a solution of (1) which does not contain an 
arbitrary constant. Let us denote this solution, say, by 

y=f 2 (*)• 

Then y=f 1 ( c „ x)+/ 2 (*) 

gives evidently the general solution of equation (1). 

Definitions. The expression f x (c,, c 2 c n % x) is called the 

complementary function and f 2 (*) is called the particular integral. 

Theorem 2. If y=y lt y=y 2 » , v=y n , are solutions of the 

equation (2), then 


P= c i y t ±c 2 y 2 + + c n y n , ( 4 > 

where c lt c 2 Cn are arbitrary constants, is also a solution of 

the equation. 


Substituting the value of y from (4) in the equation (2), 
we get 


[ 


+ P rf- 1 y, , 

dx n ^ 1 ~dx n ~ x ^ 


+ P»yi ] 



+*•* 


dx 




d^n + pd-' y n 
dx- + 


+ Pn yn 


Now, since y=y u y=y 2 y=y n are solutions of 

equation (2), each expression in the brackets is zero. Hence (4) 
is a solution of (2). 

This theorem enables us to find n solutions of the equation 
(2) as y=y lt y=y 2 .. — , y=y n and then express the solution as (4). 
Since the solution given by (4) contains n arbitrary constants, it is 
the general solution of equation (2) or the c omplementary function 
of equation (l). 
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Hence to find the general solution of (2) we must devise methods 
for finding n Independent integrals y lt y 2 y «• 

Note : — (4) gives the general solution of (2), provided that y u y 2 .... • y * 

linearly independent i. e. there does not exist a set of n constants 
a 2 a n at least one of which is different from zero, such that 

a i yi+ a 2 >’2 + +o n y n = 0 . 

If these functions are not independent then some one of them, 
say y n , can with the help of the identity given above be expressed id 
terms of the others as 

y n = —(ai >’i+02 >'a+ + a »-i y»—i )/ a "* 

Hence it is clear that relation (4) can be written as 

y=(c l — Oi c„/a„) yi + fln-i c n /a n ) yn-i 

which contains only (/* — 1 ) constants, and therefore is not the 
general solution. 

3 2. The Symbolic Operator. The discussion of linear equa- 
tions is facilitated by writing 

d r y 

dx' * 


D r y for 


Thus we have ( D—m l ) y= :j- 


= d y-m 



The notation (D—m x ) (D—m 2 ) y is defined to denote that we 
operate on y with {D — m 2 ) and then upon the result with (D— m x ). 
Hence if m i9 m 2 are constants 

{D-m x ) ( D—m t ) y=(D-m l ) {y'~m 2 y) 

=y'—(nt 1 + m 2 ) y'+m x m 2 y 


where, as 


, „ d 2 y 

u,ual = ib? 


and y' = zr 
dx 


In this case it is easily 


verified that 

{D—mt) ( D—m 2 ) y={D—m 2 ) {. D—m x ) y 

= [ D 2 —{m l +m t ) D+m x m 2 ] y. 

Thus we see that if m ly m 2 are constants, the value of {D — m x ) 
( D—m 2 ) y is independent of the order in which the operational factors 
are used. 

3*3. Solution of the Linear Equation with constant coefficients. 

Throughout the remaining part of this chapter, the coefficients 

P lt P t P n will be taken to be constants. 

Now, the homogeneous equation 


d n y , p d n ~ x y 
dx n 1 dx"' 1 



+p,_4+^=° 



is equivalent to 

{D—mt) {D—m 2 ) {D—m a ) y= 0. 
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The solution of any one of the equations 

{D—mJ y= 0, (D—m 2 ) y= 0, (D—m n ) y = 0 (3) 

is also a solution of (2). For instance let y=i> 2 (*) be a solution 
of the equation ( D—m 2 ) y= 0. Then on substituting <f> 2 (*) for y 
in the left-hand-side of (2), we get 

AD) <f> 2 =(D—m 1 ) ( D—m z ) (D—m n ) (D—m t ) 

= (£>— m x ) (D—m 3 ) ( D—m n ) (0) 

= 0 , 

since the operational factors can be put down in any order we like. 


Now the solution of ( D—m ) ^=0 or oL^=my £ i.e.— 

is given by y=c e mx y 

where c is an arbitrary constant. 

Hence the equations (3) have the solutions 


=mdx^ 


m. x m* x 

y=c x e 1 >y=c 2 e , 


m„ x 

, y—c n e , 


where c ly c 2> c n are arbitrary constants. 

Therefore, the homogeneous equation (1) has the solution 


y=c x 


m x x 

e 


+ c 2 e 


m 2 x 




e”' n x 



If the numbers m x , ra 2 , m n are distinct , the functions 


e™ 1 x y e m * X , e mn x are linearly independent and (4) is 

the general solution of (1). 


In practice, the numbers m Xy m a , m n are found by 

solving for m the equation 

+ + Pn = 0. —(5) 


Equation (5) is called the auxiliary equation , and is obtained by 
putting D=m in / (Z))=0. 

v Ex. 1 . Solve : 2 +9 Q-l 8 y = 0. 


Here the auxiliary equation is 

2w 2 +9/h — 18=0 ; 
solving for m we get, w=— 6, f . 

Hence the general solution of the differential equation is 

y=c x e~ 6x -rc 2 e 3 */ 3 . 
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1 . 

3. 


EXERCISE III (A) 

Solve the following equations : 

(D 2 -n 2 )y = 0. 2. {D*-2D 2 -D+2) y=0. 


£ +5 £-i2 X =o. 


4. 


0 +s g- 5 „=„. 


5. .9 ~~ 16 x=0. 

^ ay 2 dy 


3 4. Case of the Auxiliary Equation having Equal Roots. 

In the above we have taken the roots m x% m 2 > , m n of the 

auxiliary equation (5) to be distinct. When two roots are equal, 
for instance m x and m 2 , the solution (4) becomes 


. , . m. x , m 3 x , . m n x 

y=(c x -\-c 2 ) e +c 3 e -f + ^n e 

But, since c x -\-c 2 can be replaced by a single constant c, this 
solution has only /i — 1 arbitrary constants ; and so is not the gene- 
ral solution. 

The corresponding part of the solution is the solution of 

(D-m x ) 2 y= 0. 

On writing this in the form 

(D—m x ) {( D-m x ) 

and putting u for {D— m x ) y, the above becomes 

( D—m x ) «= 0 , 

the solution of which is 

m x x 

u = c x e 

Putting this value of u , 


(D-m x ) y=c x e miX . 

This is a linear equation of the first order ; its integrating 
factor is e * and the solution is 


— m x x 
y e 1 




e m i* 



=c 2 +c x x. 

y=(c 2 +c x x) e mxX . 

If three roots of the auxiliary equation are equal, say 
m 1 ==m a =m 3 , by similar reasoning it can be shown that the corre- 
sponding solution is 


y=e n ' lX (A+Bx+Cx*)+c t e miX + +r„ e m ' x 


* 
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and if r roots are equal, the solution is 

y=e miX (A.+A.X+ +A,x^ 1 )+c r+l e m '*' x 


or 


m m x 


Ex. 2. Solve : 


+ +Cn e 

dx* dx 3 dx* dx 


We have as the auxiliary equation 

(m 4 — m 3 — 9m 2 — 11m— 4; y=0 
(m-fl) 3 (m— 4) y= 0. 

Hence the solution is given by 

y=(A+Bx+Cx?) e u , 

EXERCISE III (B) 

Solve the following equations : 


/ 


1. (D a +Z)*-5£+3) y= 0. 


3. (D*—3D*-i-3D — l) y= 0. 


2 . 


S +• !+'-»■ 

d x y 


4 14 * — *2 4_v— 0 


3*5. Case of the auxiliary Equation baring Complex Roots. 

If the auxiliary equation has a pairj>f complex roots, say 

m 1 =a-fij8, m t =a — i/3> (where /stands for the corresponding 

part of the solution is 

Ci e («+W X +Ca e («-W x 

or «“ ( e , e'P*+c, .-•* ) . 

In order to put the above expression in a more convenient 
form we make use of the results 

e =cos d +i sin 0, 

-/0 _ . . „ 
e = cos 0 — / sm 0. 

The two terms of the solution can then be written 
e"* [ c x (cos f$x+i sin /3x)+c, (cos & x—i sin $x) ] 

[ (Ci4-c a ) cos & x+i (c x — c a ) sin £* ] 

(.4 cos ftx+B sin £x), 

where ^4=Ci-i-C| and B=i (c x — c 2 ) are arbitrary constants. 



LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 


33 


If the pair of imaginary roots a + i$ and a — i$ occur twice 
the corresponding part of the solution is * 

( Cl +C, x) e (a+, 'P> * +(C 3 + Cl X) e^-‘^ x 
which reduces to 


e [ *) cos x) sin fix ] 

Ex 3. Solve : — 8v=0. 

ax 3 

™=2?nrr=-Y ± 7v3. iOni3mS ' 8=0 ’ ,h ' r0O,S ° f "“<* -<= 

Hence the solution is 


y=e~* (c x cos V3 x+c 2 sin y/6 x)+c 3 e 2 *. 

EXERCISE III (C> 

Solve the following equations : 
y 1. (£> 4 -f 8Z) 2 + 16) y=0. 





2 . 


<l?y , , d-y dy _ 
dx' +3 dx* + dx oy 


= 0 . 


’ * d 2 -3 %- + *»+ 2y=0. 


i/x 8 dx 1 ' " dx 

- di y.-y= 0 

dx 4 * u# 



^ +2 y + *-°- 


3-6. Particular Integral. The Symbolic Operator 1 


/U>) 


We have already pointed out that the general solution of a 
linear differential equation with constant coefficients is the sum of 
the complementary Function [ which is the solution of the equation 
obtained by substituting zero for Q ] and the Particular Integral 

Constant ] “ S ° ° f ,he e 1 ua “° n not containing any arbitrary 

Methods for finding the particular integral will now be 
sketched. It is necessary to extend the notation associated with 
the symbol D for discussing methods of computing it. 


The expression Q will be used to denote function of .v, 

2 ar For a e r L^ n pIe antS ’ by 
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2 


D i 2 —D 2 *)— * 

Since ( D 2 —D ) x*=2— 2x. 


In view of this definition, y may be regarded as represen- 
ting the operation which is the inverse of that represented by /(D). 
Thus, in particular, when / ( D ) stands for Z>, we get 


sQ=/Q 


dx 


It is obvious that the function y Q is a particular integral 
of the differential equation 

/(D) y=Q. 

Now,/ (D) can be broken up into factors which may be taken 
in any order. Thus if ' 


then we have 


f{D)= = {D-m l ) (D~m 2 ) ( D-m n ), 


/(D) 


Q= 


D—n ij ’ D—m. 


D~m n 


Q> 


where the expression on the right is defined to mean that Q is first 
operated upon with—— then the result is operated upon with 


1 


i anc * so on unt *l n operational factors have been 

utilised. 


It is also possible to resolveyl^- into the partial 


fractions 


Ni 


- 4 - 




so that 


D—m 1 D—m a 


-+ 


+ 


N. 


D-m' 


1 Q+ J± Q+ +-J^ O. 


/(D) 


D—m 


D—m 


D-m* * 
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Since both the methods consist of operations of the kind 
effected by ^ upon Q , the result of this operation should be 
found and committed to memory. 


Let “ = 7^T Q ' 

then the result of operating upon u with D — a is Q ; 
i.e. ( D—a ) u=Q , 





This is a linear equation in u, and its solution is 


— ax 
u e 



e~* x Q dx 


or «=C e^+e^J Q e~“ dx. 

Now it has already been pointed out that u is free from 
arbitrary constants, and hence 



We are now in a position to evaluate 


1 


the two following ways : 


f(D) 


Q in either of 


1 


(0 The operator y may be factorized ; then the parti- 
cular integral 


1 




D—m x D—m t 
On operating with the first symbolic factor on the right, this 


."»n x 


I 


e ~ m • x Qdx ; 


D—m L D—m 2 

then, on operating with the second and remaining' factors in succe- 
ssion we finally get the particular integral 

e '"i * J e (w 2 -//»i) x j J e ~m„ x 


Q dx dx...,..dx 
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(li) The operator 


fiP) 


may be separated into partial 


fractions 


Ni , N 2 


I 


D—m 1 D—m 2 
and then the particular integral 

1 Q=-J^~ Q+ 


+ 4 N * 

+ + 


fl*>) 


D—m x 


D-m n * 


=N X e m * x j e~ m ' x Qdx+ 

+N n e m * x J 

Ex. 4. Solve : ( D 3 -2D 2 +D ) y=e~*. 

Here the auxiliary equation is 

m 3 — 2wi 2 4-m=0 
/n=0, m= I repeated twice. 

The complementary function is 

Cl + (c 2 +C 3 x) (*. 

The particular integral 

1 


m- x 


Qdx , 


D*-2D*+D 


- e 




+ 


VZ) D—l {D- 1) 






D 


e~ x - 


D - 1 


r 


(D-i)(D-l) 




—a? 


= / dx—e* J e~* e~* dx+ — ^ e ~* e ~ m 


=<r*+i e"®— § 


£>— 1 


e“* 


= — e~ x 4-i e“ x +i e - ®, since 


Z)-l 


e~*= — A e-*. 
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,\ The complete solution is 

y=c x +{c a +c 3 x) e~*-\ e~*. 

Ex. 5. Solve l -\-n*y = sec nx. 

ax 2 

The auxiliary equation is 

m 2 +n 9 = 0, or m= ± i n. 
The complementary function is 

c x cos nx+c 2 sin nx. 

The particular integral 


D 2 +n 2 


sec nx— 


(D+in)(D-in) 


sec nx 


( Nagpur 1957) 


1 . 

3. 


2/n {/>-/„ 5T7^} sec 


Now 


1 


D-in 


sec nx 


D+i 

=e inm J 

=e inx J 


nx 


g—inx 

cos nx 


dx 


cos nx—i sin nx 


dx 


cos nx 

= e inx { x+i (1 fn) log cos nx } 


Similarly 


1 


p - . n sec nx=e-** { x — / (1 /n) log cos nx } 


P- I. = (l(n) { x sin nx+(l/n) (log cos nx) cos nx } 
The complete solution is 

y=c, ros nx + r t sin »r+ * si - n nx + cos nx j°g cns nx . 

n n* 

EXERCISE III (D) 

Solve the following equations : 



3*r+4*~ l 0J—I5.' .. *£+y-K<.‘* (IA.S. 1083) 


V 


3 7. Short methods of computing the particular integral. 

The general method which has been explained in the preceding 
article for finding the particular integral generally leads to laborious 
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to hU • T, hiS can , °f tC " b , e avoidcd by use of the short methods 
be given in this and the following article. 

P | arH ® n,ar I " ,e | r ® 1 corresponding (o the form e“* of O. The 
particular integral of the differential equation / (/)) y=s=e ax f s 
1 


7p\ e °*» ^is will b2 shown to be equal to 1 




rw — - m 

We have 

D e°*=a e*, D 2 e ax =a* D -» <? ax = a «-i D n e0 x =a n 

/(/>) ^= /)" + /> lZ )n-I + +P j^y n) y ■ 

= {a n -\-P x fl n-1 4- p nA-P \ l#* 

or f(D) e°*=f [a ) e**\ + H ~ 1 +Pn) * ’ 

Let/(j)=zf:0. 

Operating on both sides with L_ 

/(/>> * 

7TDV {fiD)e °* } =m {f(a) e “ } 

Then, since and /(£>) are inverse operators, and /( fl ) 

is merely an algebraic multiplier which is=£(), the above reduces to 

1 




f{D) 




e°*= 


- e". 


/ (^) / (fl) 

applied^ meth ° d failsif /( fl )=°. ^ this case Art. 6-9 can be 

Ex 6 Sohe: -^+;*=(e*+ 1) 2 . 

Written in symbolic form, this equation becomes 

(Z) 3 +l) ^=e 2x -f-2e*+l, 
or (Z>+1) (Z) 2 — /)+i) ^ =e 2x_|_ 2e » +1> 

i I f* re the r . oots off (m)=0 are — 1 , J (1 -t m/ 3) 
hence the complementary' function is " ~ v 

c l e~ x +e x,z (c 2 cos J V3 AT+c 3 sin J v3 *) 

The particular integral 
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1 


e 2x +2 . 


2 3 + l 
=i e^+e' + l 


1 3 +1 


e*+ 


_1 
0 + 1 


, 0.2 


Hence the complete solution is 

y=c x £-* + e*' 2 (c 2 cos $ ^/3jc+<r 3 ''sin x)+| c a * + e x +l. 

EXERCISE 111 (E) 



Find the particular integral of Q. 1, Exercise VI (D) 
short method. 

Solve the following equations : 


by th 


2 d y+y='le<-*i'. 

dx~ ax 

+2pf x + {p'+q 1 ) y=e tz . 


3. 


f4 

</x a </x 


31. Short method of finding {(!//(/))} sin ax and {1 ff(D)} cos ax, 
when <f> ( — a 2 ) ^0. Differentiation of sin ax gives 

D sin ax=a cos ax, 

Z) 2 sin ax— — a* sin ax; 

Z) 3 sin ax= — a 3 cos ax, 

Z) 1 sin ax=+a* sin ax, 

and, in general, 

(Z> 2 )" sin ax=(— a*)" sin ax. 

Hence if / (Z>) contains only even powers of D and we denote 
it by 4> (Z) 2 ) it is clear that 

<#> (D 2 ) sin ax=<t> ( — a 2 ) sin ax, 

Operating on both sides with — L 
1 <t> (D~) 


sin ax — 


{ 4> (—a 2 ) sin ax } 


*<Z> 2 ) 

or, since <f> {—a 2 ) is an algebraic multiplier, 

1 1 

- — ^ ov sin ax= — sin ax. 

<t> { D 2 ) * (-a 2 ) 

Similarly, it can be shown that 


<*> (Z> 2 ) 


cos ax— 


* (—a 2 ) 


cos ax ; 


i 
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and, more generally, that 

rb>r s!a (ax+b)= T\-a ‘) sin (“x+h)- 

hr* ^ contains also odd powers of Z), the method 

be followed is as shown in the following example. 

^Ex. 7. Solve : 0-4 f+ y = a cos 2 *. 

Here f(D)=D 2 -4D + l 

The roots of/(w)=0 are 2+ ^/J. 

Hence the complementary function is 


e 2 * ( 


c, e 




-fc 2 e 


) 


The particular integral 

1 


Z) 2 -4Z)-J-1 

1 


a cos 2x-= a . 


1 


~ — a . - 


4Z>-f3 


- cos 2x=—a . 


( — 2 2 ) — 4 D -\- 1 
(4Z>-3) 


cos 2* 


(4Z)+3) (4£>-3) 


cos 2 a:, 


since (4Z>— 3) and are inverse operators ; 

lti /) 2 — 9 cos 2x= ~ a • lefrispg cos 2x 

=Wr-? ^Toit^ * ( - 4 - 2 - sin 2 *- 3 COS 

• • The complete solution is 


/ 


e ( <? +c 2 c 3 ' (a/73) (8 sin 2x-f3 cos 2x). 

. ? 9 \f ) sin a *> exceptional case. The method indi- 

When n^V reCC r np ar * cle fai,s if/ =0 ; this will be so 
method of Arn 1™'°* /(Z)) ‘ We haVC thcn t0 W 1 * thc ^ neral 

Let f D) = (D--{-q-). i P(D), then to evaluate sin ax we can 
first calculate D -,^_ a2 sin a.x and then operate the result with 

D ) 
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Now * — .. sin ax= 

D 2 + a 2 (D—ia) ( D + ia ) 


sin ax 


If 1 1 \ . 

= -HT— < yr : — > Sin ax. 

2ia \D-ia D + ia i 


But 


D—ia 


sin ax 


= e iax j 


e~ iax sin ax dx 


— c iax J e -ia 

e iax f 

Sr/ (1 - 


(<?<"- e~ iax ) 
2 1 


dx 


2 iax 


iQx 


e -*iQ* 




Similarly 


1 


D + ia 


sin ax 


g-i*x r g 2 iax 'x 
~ 2 T ■ L 2ia J 


■■■ •>" -'-L 


ax sin ax 

“ • 


2ia 


> 


x cos ox__|_sin ax 


2 a 


4a 2 * 


Now, since (£> 2 + <j s ) is a factor of / (D), the complementary 
function contains the terms c, sin ax + c 2 cos ax and hence the 

* crm 4^2 ~ ' n particular integral found above can be absorbed 

in the term c x sin ax of the complementary function. Hence we 
may write 

1 x 

na -, sin ax= — cos ax. 

D 2 + a 2 2 a 

Similarly it can be proved that 


1 .x 

— - — - cos ax=—~ sin ax. 
D 2 +ar 2 a 



Ex. 8. Solve : 


d z y 2 dy 
, , + a 2 -f =sin ax. 
dx 3 dx 


The auxiliary equation is m 3 + a 2 m= 0, 

The roots of m are 0 and ± ia. 

Hence the complementary function is c x e° *+c 2 sin ax+c 3 cos ax 
i.e. c, + c 2 sin ax + c 3 cos ax. 
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The particular integral=i . 1 


sin ax 


Tr<- 


cos ax 


D D*+a 2 

x sin ax cos ax 




2 a f '2a 2 2<7 3 

Hence the complete solution is 

y=c 1 -\-c i sin ax-\-c$ cos ax—(x sin ax)/2a 2 

(The second terra in the particular integral has been omitted as it can 
be absorbed in the term c 3 cos ax of the complementary function;. 

v/’Ex. 9. Solve : ^--3 -^+ 4 %^y=e x +cos x 


dx 2 


dx 


€ 

(Agra 1960) 


The auxiliary equation is 

m 3 — ?w l +4m- 2=0 or m=l, 1 + i 
Hence the C. F. is c 1 e*-f c 2 e* cos (at - fa). 

1 


The P.I- 


(D-i) (D 2 -'2D+ 2) 


- (^-fcos x) 


(Z>-l)(l-2-f2) 


e*-f. 


1 


(— 1 — 2Z)-f 2) (D-l) 


cos x 


e* 1 i_i_ 

~(D+ 1-1) * -2Z)*+3D-1 


cos * 


* e ’ + 3B+i cos *=* C '+TO cos * 


=* — L cos x=x e *— ~ (3 Z)— 1) cos x 

-9-1 10 


1 


=* ( 3 sin *+cos x). 

Hence the complete solution is 




1 



> 1 


y=Ci e x + c 2 e* cos (x-f a) -f x ^-f — (3 sm x-f cos x) 

EXERCISE III (F) 

Solve the following equations : 
d 2 y 


dx 2 


+9>==cos 2x-f sin 2x 


y 

2 . 
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(D a +a 2 ) y = cos <7X+ cos bx 
-|-4y=e j: +sin 2.x 

dx 2 


/*• -PI —*y = 2 sin 

\S dx 2 



( Nagpur 1958) 

/ 

4. (D 3 -f 3D a -4/)-12)>*=cos4x 


6 rf 4 + v=sin 3x-cos**x. 
dx 3 


3 10. Evaluation of 


1 


J\D) 

We have D [xV)=X. DV + V, 


xV, V being any function of .v 

f\ 


D- (xK)=x. Z> 2 F+2ZH'=x. Z> ! K+( ‘j D- ) K, 


• • • 


• • • 


D n (xV) = xD n V+nD n ~ x V, by Leibnitz’s theorem, 
= x£>" V+ ( d dW D- ) K. 

Therefore / (Z» xF=x. / (D) V+f (D) V. 

Now, put / (£>). F= F, ; then V= 


f(D) 

Substituting this value of V in (1) we obtain 


v x . 


f ^ * 7TD1 v ' =x V ' +f(D) TTW v ' 


Operating on this equation with 


1 


f{D) 


we get 


*iw v '-Tm xy '+mi rw rbr> v ' 


m xv ‘ +r (0) ( 7 brr 


Transposing 

1 


/ (£>) x Kl *■ f(D) v ' f {D \f(D) r- Vi 


or, on dropping the suffix of V lt 


f{D) 


x V 


X f(D) V+ { dO ( J (D) )} 


t 
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The evalution ofjr-^ x m V, where m is a positive integer, can 
be done by repeated application of the above method. 


Thus 




AD) 


dD AD) 


+ m(m-l) 2 f d* 1 \ v , 

^ 2 ! * * \ dD* JiDf f V+ 


Note The foregoing formulae are not always convenient in practice. 
The student is advised to try the earlier methods rather than apply the above 
results. 

We give below an illustration, an alternative solution of which will be 
given in Art. 3*13. • * 


s/i £ 


tx.10. Solve : £-2 %+y= X s in ^ ^ ^ ^ 

The complementary function is (Cj-f x{(&. \ 

The particular integral \ ** J \ 


particular integral 

1 


D*- 22)4-1 


x sin x 


=x . 


D 2 -'2D+1 Sm * 2 1} *(£>*-2£>+l) a 



sin x. 


“* • (~JD 8in * )~ 2 4Z>* 

= i x cos x+$ (£— 1) sin x=\ (x cos x+cos x — sin x). 
The complete solution is 

y == (C\ J rc* at) (x cos x-f cos x— sin x). 

3’11. Short method of finding {Iff (Z)) } x m , m a positive integer 


In order to evaluate 


1 


x m t expand 


in ascending 


f(D) - r ""/(/>) 

powers of D and operate on x m with the result. It is clear that 
terms of the expansion beyond the m th power of D need not be 
written since £) n,+1 x m =0. 7 ' 

v/lEx. 11. Solve : ^y+3*'y +2~=x*. y 

dx 2 dx 2 dx 

The auxiliary equation is /n 3 +3/w a 4-2m=0 ; its roots are 

m= o, -1,-2. 

Hence the complementary function is Cj-f c 3 e~*-\ -c 9 e -2 * 
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The particular integral 


1 


D 3 + 3 D 2 + 2 D 


x 2 = 


2D 


' (T&g?) 


x* 


2D \ 2 / 


= -L_r 1 _ ^ + 3D / 

2D L 2 V 


D a +3D 


>■- 


= ^ (D>+6D'+9D') + 


= J ( l — *^+-1 D 2 -f 
2D N 2 '4 




<*-!+! *>* 

■«*] 

= i- (2x 3 -9x a +21x). 

12 

The complete solution is 
y“C t +c t er*+c 3 <r 2 *+~ (2x 3 -9x+21) 

EXERCISE III (G) 

Solve the following equations i 

<-t 1 

^2. 

3. (D 3 — D* — 0D) j>=H-x* 


] 


1.23. Short method of computing (1//(D) } e«* 1 
any function of x. We notice that 

D (e“ K) =e“ . DK+ae“ . (D+a) V 




^ being 
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and/) 2 (e“ V)=ae° x ( D+a ) V+e°* D ( D+a ) V=e aB ( D+a ) 2 . V ; 
and, in general, as is seen from successive differentiation, 

D n e°* V=e as ( D+a) n V ; ' ' 

therefore, /(/)) V=e° x f {D+a) V 

This suggests that we may write 

1 T r m* 1 


( 1 ) 


/(D) 


e° x V= e 


‘ /(D+a) 


V. 


We can easily verify that the proposition is really true. For, 
operating on the right-band-side with / ( D ) we have 


^^{775+^}] 


=/ (D) [ e M . V x ], where V x stands for the function 1 

f (D+a) 

= e* ./{D+a ) . V lt by (l) ; 


V ; 


/(D+a) { 


/(D+a) 


V j- , on restoring the value of V x 


=£°* . V, since / (D+a) and 


/ (D+a) 


are inverse operators. 


This proposition enables us to find when / (a)= 0, 

as in the solved Ex. 12 below. 

yEx. 12. Solve : -2^+}j=x ! . 

ax- 


dx 


The auxiliary equation is m 2 — 2/«-}-l=0. Its roots are m 
repeated twice. 

The complementary function is (Cj-fCa x) e* 

The particular integral 
1 


= 1 , 


D 2 — 2D+\ 


x 2 e Sx 


=e8 * ‘ (iT-f^) a ^27£»+3) + l **• by the f ° rmu,a ° f this articlc ; 


—e 31 


1 


‘ D 2 +4D+4 


*--£■( Hi r* 
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,3x 


)* 


4 

^3/ 


= ^~ ( x 2 — 2x+ . 2 )-* (2^-4,+3) 

The complete solution is 

y=(c 1 +c.,x) + (2x 2 -4x + 3). 

■^x. 13. So/ve: d ~?- +4 d J +4>- = 2 sink 2x. 

ax- ax 

The equation, written in the symbolic form, is 

(Z) 2 +4Z>+4) y=c 2 »-e- 2x . 

The complementary function is (c x +c., x) e~ 2jc . 

1 (e 2x -e~ 2x ) 


The />/.= - 


Z) 2 + 4Z) + 4 

1 

D*+4D+ 4 

1 


e 2x — 


Z) 2 4-4£)+4 


2 a +4*2+4 

l 


e 2z — e~ 2r 


e~ 2x . 1 


1 


— — e 

16 


2X 


[U>-2)=+4(£>-2)+4 ] 




= vV <? 2 *-e- 2 ' / X dx=^\ e 2x ~h x 2 e~ 2x 
The complete solution is 

y=(ci+c 2 x) <r 2r + A- e 3 *-i x 2 e- 2 * 

EXERCISE III (H) 

Solve the following equations : 


1. 

(Z)+2) {D-\) 2 y=e x . 2. < 

3. 

£- - - X < 

5. 

2 + „ 

6. 

^ + *B'=0* a +&*■“* sin 2x 


2 « ■“ 


1 


cos x 
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3 * 13 . Synopsis. Looking back on this chapter we find that the first step 
to solve a linear equation with constant coefficients is to determine the comple- 
mentary function. This can be done either by solving the auxiliary equation or 
by solving /(Z))=0, treating D as an algebraical symbol. The student must 
have noticed that if the given differential equation is / (D) y=Q , the auxiliary 
equation is found to be f(m)= 0, so that the roots of / (m)=0 in m are the same 
as the roots of f (D)=0 in D. If some of the roots are equal, the method of 
Art. 3*6 is to be followed. If a pair of roots is imaginary, the corresponding 
part of the complementary function can be put in an elegant form by employing 
trigonometrical functions. [ Art. 3 5. J 

The next step is to compute the particular integral. This can be done 
easily if the right hand member of the differential equation viz. Q, comes under 
any one of the following forms : 


(/) e ax , where a is any constant ; [Art. 3*7] ; 

07) sin ox, cos ex, [Art. 3 8] ; 

(iii) x*", where m is a positive iotcger, [Art. 3‘llJ; 

iiv) e ax V, where V is any function of x, [Art. 3*12). 

If Q cannot be put under any one of these forms or in the case of failure 
of short methods, the general method of Art. 3-6 is to be applied. Of the two 
modes of procedure given there, the latter one is generally to be preferred. 

In evaluating the particular integral corresponding to Q equal to cos ax, 
or to sin ax, or to expression in which sin ax or cos ax occurs as a factor 
(say Q=x m sin ax) it is sometimes more convenient to replace sin ax or cos az 
by the exponential value and apply Art. 3 7 or 3-12 proceeding as in the following 
worked out examples. 


i Ex. 14. Solve 


d*y , o 

—,^+a y= cos ax. 
ax* 


The complementary function is c x sin ax-pc z cos ax 


The P.I.= 


D*-Pa % 


cos ax 


= Real part of - 


1 


-D 2 +o 2 


(cos ax -pi sin ax) 


= Real part of 


1 


D'-Par 


e iax 


But 


.{ax 




= — l — ( — e iax ) 

D—ia \ D-pia ' 

_ 1 / e iaa \ 

D-ia \ 2 ia ' ’ 


(by Art. 3-7) 


L . e iax - 

2 ia * * (D-pia) — ia 


. 1 



LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 


tax v- 


IX 


2ia 


*= — _ (cos ax + i sin ax) 
2 a 


• • 


The real part = -^L sin ax. 

2 a 

The complete solution is 

y=c x sin ax+c 2 cos ax+^L sin ax 

2 a 




[ On equating the imaginary part we could get 

] 

Ex. 14. Solve: -^- — 2 ^ -\-y=x s\n x. 

ax 3 rf* 

The complementary function is easily found out as 

( c t +c 2 x) e*. 

The particular integral 

1 


D*-2D+1 


x sin x 


The imaginary part of * ( C os x+i sin 


=The imaginary part of 


(D- 1) 


x e ix 




{D+i-iy 


- x 


e** f / D 1 

\V 1 + x /» on putting i—l = k 

>*} 


_ / cos *+/ sin x 


=( 


-t-i sin x \ r . 2 . . i 

=27 ) L * + 2/ C ' _1) ]■ *" = -2/ 


-<* 


cos x sin x 


2 


) (*+1 + 0 
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/. The imaginary part 

= \ (x cos x-fcos x— sin x ). 

• The complete solution is 

y={c 1 +c 2 x) e*+\ (x cos x+ cos x-sin x). 

Miscellaneous Examples on Chapter III 



Solve : 



1 . 

d*y . 2 ^4-y=x cos x. 2 . 

dx 2 dx 

(D 4 + 2 Z) 2 -+ 1 ) j>=x 2 cos x. 

(I.A S. 1959) 

9 

3. 

— y=x sin x. 
dx 4 

d 2 y 

dx 2 

— 2 $+v=xe® sin x 
</x 

5. 

4 ^4-4v=8x a e 2 * sin 2 x. 

dx 2 dx 

% 


• » 

6 . 

4 -v=e"* + cos x+x 3 +e* sin x 
dx 2 

• 


7. 

(Z) 4 +Z>*+ 1) y=e~ x ' 2 cos ( x^|-) 

• 


8 . 

(D-l ) 2 (I> 2 + 1 ) 2 >»=siii 2 Jjc+c*. 


(Banaras 1960) 


9 J?y. + +16y=16x 2 -h256. 

dx* dx 2 


10 . 

11 . 

12 . 

v 13. 




[D 2 +l) y= 3 cos 2 x+2 sin 3 x. 
r£>i_|_io Z) a +9) y=96 sin 2x cos x. 

( 0* - 1 3£ 3 + 26£> 2 + 8i!i) + 1 04) >> = 0. 

jPy_ 4-2 ^.flOv+37 sin 3x=0, and find the value of y when 
dx 2 dx , 

x=1tt if it is given that y= 3 and ^=0 when x=0. 


(Z ) 2 + i ) 2 y=24 x cos x, given the initial conditions 

x=0, y= 0, Dy= 0, D 2 y= 0, D 3 y= 12. 

Show that A', where AT and M are constants, is 

equal to twice the real part of < 




1 

D—a — 



X operated on by 


ND+M ; that is to 


e°* sin Rx f 

$' J 




COS 


Bx X dx- e °* c ° s B ~ x / e” sin ex: X dx: 


CHAPTER IV 


EQUATIONS OF THE FIRST ORDER, BUT 
NOT OF THE FIRST DEGREE 


41. Equations Solvable for p. In this chapter we shall deal 
with those differential equations which involve dy/dx in a higher 
degree than one. For brevity we shall be using here p to denote 
dy\dx. Let us first consider an equation of the first order and n th 

degree of the form 

p n P \ P 1 p r> ~* -j” +Pn-tP + Pn= 0 


where P n P., Pn are functions of x and y. Suppose that it can 

be solved for p and is of the form 

[ p-fi (*» y) ] [ p-h y) 3 t p-fn (*» y) ]=°- 


l lva each factor can be equated to zero and the solutions of 
the n equations thus formed can be obtained. Let the solutions be 

F x (x, y , c x ) = 0 , F n ( x , y , c „)=0 ...( 1 ) 

Combining these into one equation, the general solution is 
F x (*, y, c x ) F, (x, y, c t ) F n (x, y, c„)= 0 ...(2) 

There is no loss of generality if the arbitrary constants 

c c Cr are replaced by a single arbitrary constant c because 

every particular solution obtainable from the equation (1) can also 
be obtained from (2) (if c lt c.. y etc. are all replaced by c) by giving 


a suitable value to c. 


1’hus the general solution is 

F x (x, y, c) F 2 (x, y, c) F n (x, y, c)= 0. 

Ex. 1. Solve : 

p 3 —(x 2 +xy-\-y 2 ) p* + (x 3 y-\-x 2 y*-\- xy 3 ) p—x 3 y 3 = 0. 

On factorization the given equation becomes 
(p-y 2 ) (P-x z ) (p-xy)=0. 

The lirst factor p—y 2 = 0 gives x^+yc + l =0 as its solution. 
The second factor p—x % =0 gives x 3 — 3y-{-c=0 as its solution. 


The third factor p—xy = 0 gives e 
Hence the complete primitive is 


\X ■ 


{xy+cy+\) (x 3 — 3>» + c) (cy-\-e- x )=0. 


-\-cy = 0 as its solution 
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Ex. 2. Solve : x 2 {p 2 — y 2 )+y 2 =x*+2xyp. 

The equation is quadratic in p. Hence solving for p t we get 

p=y/x ± (x*+y*) in . 


Now substituting y=vx and 


therefore 



equation becomes — - — - = + dx. 

VCl+v 2 ) 

With the negative sign the solution is 

v=sinh (c—x) i. e. y=x sinh (c— x). 

With the positive sign the solution is 

v==sinh (x+c), i.e. y—x sinh (x+c). 

Hence the general solution is 

[ y—x sinh (c—x) ] [ y—x sinh ( x+c ) ]=0. 


Ex. 3. Solve : (a 2 -x 2 ) p 3 +bx [a 2 -x 2 ) p 2 -p-bx= 0. 

On factorization the equation becomes 

(p+bx) ( pV ~d^c 2 -\) (xVfl c jc*+l)=0 
The first factor when equated to zero gives 

y+\bx 2 —c= 0. 

The second factor when equated to zero gives 

dy 1 # y 

dx Va 2 —x 2 * a 

xfa— sin (y— c)=0 

Similarly third factor when equated to zero gives 

x/a+sin (y— c)=0 
Hence the general solution is 

(.V+i bx 2 — c) {x*/o 2 — sin* {y— c) }=0. 


Ex. 4. Solve : p* (x-f 2.y)+3/> 2 (x+j>) + 0M-2x) p= 0. 
On factorization the equation becomes 

P (P + 1) (/>x+2/^-t-2xH-^)=0 
The first two factors when equated to zero give 

y—c= 0 , y+x— c=0. 

The third factor gives p (x+2>>) 4-2x+.y=0 
ie - dy (x+2^) + (2x+>>) dx = 0 

which is exact and its integration gives 

x a +x>»+^2_ c=0 

Hence the general solution is 

(y-c) (y+x-c) (x 2 +x.y-hr-c)=0. 


( 1 ) 

( 2 ) 

( 3 ) 
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whence 


Ex. 5. Solve : y—{l+p 2 )~ 1,2 =b. 
... _ Vi -(y-b) 2 

solving for p, p= 

dy ( y-b ) 


Vl-(y-b)* 


—dx 


Integrating, VI — C y—b) 2 =x+c 

i.e. {x+c) 2 + {y-b) 2 = 1. 

EXERCISE IV (A) 

Solve : 

1. p 2_ 7/7 + 12=0. 2. p 2 — 5p 4 

3. p 2 — 9p+18=0. 4 p 2 + 2xp 

5; p 2 -\-2py cot x=y z . {Luck. 19: 

6. p 2 — 2p cosh x + 1=0. 7. p {p—y 

8. yp 2 +{x— y) p— x=0. 

9. x+yp*=p 0+xy). 

10. xp 2 + (y-x) p y == 0. 

11 . /7 3 -flV = 0. 

12 . (p 2 +px+p>'+x>’)=0. . 

13. p 3 -p (x 2 +x>>+;y 2 )+x.y (x+y)=0. 

14 . ( p+y\x) \xp+y+ x )A P + 2x > =0 ‘ 

15. x 2 p 3 +y (l+Vy) p 2 +V p=0. 

16. x 2 p 2j rxyp-6y 2 =0. ^ 

17. p 3 + 2x p l —y 2 p 2 — 2xy 2 p=0. 

18. p a (2-3>>) 2 =4 {l-y) 


8. 

9. 

10 . 


2. p 2 -5p + 6 = 0 {Dehli 1959). 

4 p 2 +2xp-3^ 2 =0. 

{Luck. 1938, Raj 1958 Ban. 1959). 
7. p {p-y)=x {x-\-y). 

( A lid. 1951, Delhi Hon's. 1954) 

{Allahabad 1032) 


14. 

15. x-p~-ry ht; y) y -t / r ... n 

16 x 2 p 2 + xj^p — <5y 2 = 0 . ^ {Banaras 1951) 

17 ‘ p3 + 2xp 2 -Vp 2 — 2xy 2 p=0. 

18 p 2 (2-3>>) a =4 (l->») ' {Lucknow 1949, 1951) 

4*21. Equations solrable for y. If the differential equation is 
solvable for y, it may be put in the form 

y=f(x, p), (1) 

Differentiation with respect to x gives an equation of the 

form 


P = + ( x, p, 


dp 

dx 


which is an equation in two variables x and p. It may be possible 
to obtain its solution, say, 

F (x, p, c) = 0 (2) 

The elimination of p between (1) and (2) will give the required 
solution, a relation involving x, y and c. 

If the elimination of p between these equations is not feasible, 
the values ofx and y may be obtained in terms of the parameter 

r> Let us put them in the form 
P ■ x—F x (p, c), y=F 2 (p, c). 

Then these two relations together constitute the solution. 
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4-22. Equations containing no x. Let the equation be of the 

form 

f(y>p)= o. 

(/) If it is solvable for p , let us hate 

„=g=F W 

and its solution is f —f-=x-{ -c. 

J 

(ii) If it is solvable for y, let us have 

y=f ( P ) 

which can be integrated by the method of Art. 4 21. 

Ex. 6. Solve : y=x/p—ap. 

The equation is solved for y. Hence differentiating 

dp __adp 
p p 2 dx dx 

whence (ap 2 +x) d P. = p (1-/7=) 

or 1 v __ ap 

dp p (l-p») 1-/72 

The equation is linear which on integration gives 

(« sin_1 p+c) x 

Substituting this value of * in the original equation 

_*/,+._ L— sin-i p+c) 

Equations (]J and (2) constitute the general solution. 

Ex. 7. Solve : p 3 -\-mp z =a (y+rnx). 

Solving for y, ay=p*+ mp*—amx. 

On differentiation we get 

<>P=(3p*+2mp)~£-am, 

whence a dx=-? p * +2mp - dp 

P+m 

On integration ax+c=* p z -mp+m z log ( p-f m), 
which with the given relation is the general solution- 


( 1 ) 

( 2 ) 


FIRST ORDER EQUATIONS OP HIGHER DEGREE 
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1 : 

3. 


y=3x+a log p. 
y=x-\-a tan -1 p. 

* 5. y=p 2 X+p. 

7. p 9 +p=e\ 

y=p sin ^c-|-cos x. 


EXERCISE IV (B) 

2 . 


9. 


v 4. 

6. 

8 

10 . 


p 9 —py+x= o. 

3p 6 —py+l=0. 
xp*+ax=2yp. 
y=sin p—p cos p. 
yzw:p tan p-\- log cos p. 


4-31. Equations solvable for x. If the given differential equa- 
tion is solvable for x, let it be put in the form 

x=f (y, p)- I*) 

Differentiation with respect to y gives an equation of the 

form 


I=* (y.P.t) 


p dy 

which is an equation in two variables y and p. It may be possible 
to obtain its solution, say 

F{y t p,c)— 0 W 

The elimination of p between (1) and (2) will give the required 
solution, a relation involving x, y and lc, or as in the last Article 
x and y may be expressed in terms of the parameter p. 

4-32. Equations containing no y. Let the equation be of the 

form / / v a 

/ (*> p)=0. 

(0 // d * s solvable for p , let us have 

p=£=F(*) 

and its solution is y= / F (x) dx+c. 

(ii) If it is solvable for x, let us have 

x=F ( p) 

which can be solved by the method given before. 

Ex. 8. Solve : x p z = a+bp 

Here x = a/p 3 +6/p 2 (1) 

Differentiating with respect to y 

p-i=(-3ap-*-2bp-*) d d P y 


whence 


) *■ 



60 


DIFFERENTIAL EQUATIONS 


Therefore +^ +c ( 2 ) 

Equations (1) and (2) constitute the general solution. 

Ex. 9. Solve : p = tan ( x——R \ . 

\ 1 +p* / 

On solving for x we get 

x=tan _1 p-]- — R 

Differentiating with respect to y t 

2 p dp , : 

7i+p‘>’ ~ dy - 

Integrating, c- =j». (2) 

Equations (1) and (2) constitute the complete primitive. 

Ex. 10. Solve : ayp*+{2x—b) p—y=0. {Andhra 1960) 

Solve for x, 2x=R. — ayp-\-b. 

P 

Differentiating with respect to y 

2 1 v dp dp 

P P P* dy 0P ~ ay dy 

whence < ) (^+« ) 

Taking first factor p+y < !R= 0 

dy 

Integrating py=c . ^ 

Eliminating/; between (1) and the original equation we get 

ac*/y+{2x-b) c/y-y=0 

ac b) c >>*=0. This is the solution. 

EXERCISE IV (C) 

Solve : y 

1 . x =py- p \ 2 (2 x-b) p=y—ayp % 

3. x=y+a tlog p. 4. pfy+2pJLy. 

S. x (l+p)=l. 6. x*=a t O+p 2 ). \ 

7. y* log y=x yp+p\ , (Amrabad 1969) \ 


UPST ORDER EQUATIONS OF HIQHER DBOREE 
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4 4 . Clairaut’s Eqaation. The differential equation of the form 

y=px+f{p ) ( 1 ) 

is known as Clairaut's eqaation. 

To solve it, differentiate it with respect to x. We get 


whence 


p=p+{x+ f( P )) d £ 

4?=0 or x+f\p) = 0 

ax 


( 2 ) 


From the first equation we get 

p=c. •••• 

Elimination of p from (1) and (2) gives 

y=cx+f ( c ) 

which is the required solution. 

If we eliminate p between equation (1) and the equation. 

x+f'(p)= 0 . .. . . , a 

we shall get an equation involving no constant and which is not a 
particular case of the solution y=cx+f (c). Such a solution will be 

considered in the next chapter. 

EXERCISE IV (D) 

Solve 1 ^ . 3 

1 . y=px-\-a(p. 2. y—x p-Vp P • 


3. ,«g+.g<-g> 

4. y=xp+(l+p *) l/a • 

5. y= X p+V{b 2 -a* p 2 ) 

6 . ( y-px ) (p—l)=P- 

7. xp*—yp+a=Q 

8 . y=p ( x-b)+a/p . 

10 . 4yp 2 +2xp—y=0 


{ Aligarh 1934) 
{Nagpur 1936) 
( Nagpur 1951, 1961) 


{Andhra 1938) 
{Lucknow 1961) 


4 . 5 } Equations homogeueous in x and y. Such an equation* 
can be put in the form 




>-° 


y\- 

X 


(0 


Jf it is solvable for d J— i e. for p, it isj;the case already 


discussed. . , r 

(ii) Jf it is solvable for yfx, it can be put in the form 

yfx=f {p) i e. y=xf (/?). 
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Differentiating with respect to x, we get 

p=/(p)+*/'(p) % 


* 


whence 


dx _ f (p) dp 
x P~f{P) 

which can be integrated as the variables are separable. 

4*52. Equation of the form y=x f {p) + 4> ( p). 

Differentiating the given equation with respect to x, we have 


or 


dx , xf ( p ) = (p) n) 

dp f. (P)—P P-f(P) 

which is a linear equation for x regarded as a function of p. The 
elimination of p between (1) and the original equation will give 
the primitive. 

v/Ex. 11. Solve : y={l+p) x+p*. 

The equation is of the above form. Hence differentiating 
with respect to x , we get 

p = 1+p+x % +2p % 

or % +x= ~ 2p 

which is linear and its solution is 

x=2 (1— p)+ic e~ v ' (1) 

Substituting the value of x in the original equation 

y=2-p 2 -\-c e~ v (1-fp) (2) 

(1) and (2) constitute the solution of the given equation 

^Ex 12. Solve : e 3x ( p — l)+p* e %v =0. 

{Raj. 1959, Alld. I960, Bombay 1901) 

Substituting v=e v and u=e x and therefore p=^=~ the 


equation is reduced to 

—i+( £ > 3 

which is of Clairaut’s form, hence its integral is 

v=cw+c 3 
i e. e v =c 


. I > 
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+S)£,x. 13- Solve : y=?p x+y* p 3 . ( Delhi 1060, Raj. 1955, i960) 
Multiplying by y we get 


dx ‘ ' ' dx 
Putting y?=Y and therefore 2 y dy=dY, we get 

+1 <-£->■ 


Y=x 


dx ' 8 \ dx 
y 2 =c x+i c*. 

^Fx 14 Solve: y=— xp+x* p 2 . 

y {Nagpur 1058, Raj. 1956 Cal. 1954) 

'l 2 

dx 


We have, y=-x **( ) » 


Putting — 


_l=;r, therefore d *-=dX, we get 

x * a 

A ' 2 r/y , ✓ \ 2 _ r dy ,/Jy_ \ 

y= x -dx+\-dx)- x dx + \dx> 


dv 


y=cX+c*=-±+c*. 

v^TEx. 15. Solve : >>-2x/?+a>’/> 2 =0. 

Substituting >> 2 = v and therefore 2yp=~- , we get 

</v a / dv \ - 
V ~~ X dx 4 \ ' 

which is Clairaut’s form. Hence the integral is 

v=a-{(ic 2 i.e. y 2 =cx— \a c~. 

^Ex. 16.. 5'0/ve : x z (y-px)=yp 2 . - ^ 

M/W. 1948, Delhi 1947, 1950, Cal. 1054, 

U. P. E S. 1951, Nagpur 1957) 
Substituting x)-=u and y 9 =v and therefore 


V 


du 2 x dx x dx « 

the original equation becomes 

dv . / dv \ 2 
V ~ U du + \ du ' 

which is Clairaut’s form Hence the integral is 

ci/+c 2 le. y z =cx z -{-c z . 



DIFFERENTIAL EQUATIONS 


Ex. 17. Solve : xy (y—px)*=x+py. 

Substituting x 2 =m, j>*=v and therefore 


dy =D== x dv = dv / u 
dx y du du / y v 

the original equation becomes 

dv _ du 
v— 1 1+w 


Integrating, 


v — 1 

1+U 


=c whence y 9 — l—c (x 2 -f-l). 


v/Ex. 18. Solve: xy 2 ( p*+2)=2py*+x*. 

v 

On factorization it becomes 

(x—yp) {2y 9 —x 2 —xyp)=0 

whence the first factor gives its primitive 

X*-y*=c. 


Substituting y=vx and therefore p=v+x 
factor when equated to zero becomes 

X v 2 — 1 


dv 


dx 


( Nagpur 1958) 


the second 


Integrating, logx— | log (v 2 — l)=constant i.e. cx*=(v*— 1) 
whence cx 4 +.x 8 — ^*=0, is the solution. 

Hence the complete primitive is 

(x 2 -y 2 +c) (x 2 -y*+cx*)=0. - 

v/' Ex. 19. Solve : 3p 9 y 1 — 2xyp+4y 9 — x 2 =0. 

The equation can be written in the form 

9 p*y*— &xyp+ 1 2y* — 3jP=o 

i.e. (x— 2py) 9 -\-\2y 9 — 4.x 2 =0 

(x-3py) 9 -* (x 2 -3y 2 )=0 

Substituting x z — 3j» 3 =v 2 and therefore 

*- 3 yp=i* 

dx 

the equation becomes 

v* ( * V— 4v s =0 i.e. 4- =2 

x dx ' dx 

whence v=2 x+c or x 9 — 3>> 3 =4* 2 -f 4 .yc-}-c* 

\ 
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\ 

Hence the primitive is 

3x 2 +3y*-t-4:cx+c 2 =0. 

^Ex. 20. Solve : %rff& =/(x*+J>*)* • 

Substituting x=r cos tf. y=r sin 9> the given 
becomes 


equation 


-r* 


VI r' + (drld0) 2 J 


=/(r) 


whence 


Therefore 


ry/[r«-{/(r) n 

/ (') 




-/ 


/ (r) dr 


rj{ r*—{f (r)} 2 J 

where ^=tan _1 >>/* and r= \/(* 2 +.y 2 ). 






Differentiating with respect to x, the equation is reduced to 

V dx'f\ y dx' dx 2 J 
The second factor gives 

1 


+<£’*y S -» 


‘ dx‘ 

which on integration gives 

'+' 4 — 

or (x— a) d>=0 

Integrating again 

(x—a)*-\-y 2 =b 2 

which is the primitive. The first factor when equated to zero con- 
stitutes the differential equation of the singular solution which will 
be discussed in the next chapter. 

«■> iZx. 22. Solve : ( py + nx ) 2 = (y* + nx 2 ) (l-fp a ). 

Substituting >>=vx, and therefore 

p=x-^—-\-v, we have 
dx 
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dv 


V 

V 


t— 1\ dx 
' * 1c 


V(v a +«) 

On integration we get 

log [ v+\Z( v2 + w )] = ± (' 

therefore v+v/(v*+n) =c e ± v/ ^ 2 

which on replacing v for y/x becomes 

This is the complete primitive. 

2 

v^Ex. 23. So/ve: ( l->*+ J P + ^=°- 

(Agra 1962 ; Jaipur 1953, 1957 ; Mysore 1949) 


We have ( p- * )’=/>“ y" ( 1- ^ ) 


Putting y=vx, . 


, we get 

dx dx 


< * )’-&•• * <*-> 


c/v 


or 


=^T=± 4V-- 


V V 1 — V 3 

Putting v=l/z on the L. H. S. we get on integration 

<k 


±y+c=-f 


V 2 a -l 


= — [ log z+Vz *— 1 3 


=-['°g ^ 

=log x + V ^*— * 2 * 


v/ Ex. 24. - Solve : / . _ . 

(**+j<*) (l+p) s -2 (x+j-) (1+P) (*+ff)+U+^.> =°„ rll 

(. Rajasthan 1954) 
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Dividing by (l+p) a , the above equation becomes 


{x 2 +y*)-2 {x+y) 


(x+yp) , / x+yp \ 2 _ n 
1+p + ' 1 +P ' 


Now substitute x 2 +y 2 =v, x-\-y=u and therefore 

— —~ v , (on differentiation) 


(1) becomes 



dv 1 

du 4 



which is Clairaut’s form and hence 

v=uc' — ic'* 

or v+2wc-fc 2 =0 > where c' = c 

i.e. x 2 +)?+2c (x+y)H-c a =0. 

EXERCISE IV (E) 


1. 

2 . 

3. 


4. 

5. 


Solve t 

yp*+2xp—y=0 ( Bombay 1936) 

*+p/U+P*) 1,a:==fl * ( Nagpur 1938) 

x 3 p*—2xyp + 2y 2 =x 2 . 

{ Gorakhpiu 1959, Sagar 1950., Cal. Hon’s. 1961) 

y=xp+x\/(\+p i )' ( Aligarh 1937) 

x-Vpy (2/? a -f3)=0. 


6 . 

7. 

8. 

9. 


2op 2 . 

>= 1P+T)*- 

(xp-y)*=a (1+P*) (* 2 +y a ) : ” 2 . 

* (,xp?+\p)=X l -„ „ 

2p#—J2x+4 sin x— cos x) /?“ — (* cos x— 


10. (x/?— v) a =/> 8 .— 2-^ p + 1- 


4x sin x+sin 2x) p . 
+x sin 2x=0$ 

{Lucknow 1949) 


11. 

y— xp=x +yp. 


12. 

d 2 yp 2 —4xp-\-y=0. 


13. 

x* {y-px) =yp t . 


14. 

( p a*-x* ) ( P 

-v«- 

15. 

p 1 (x f — a*)— 2px^+y f +a 4 =0. * 

16. 

x+yp=ap*. 

1 

II 

o 

• 

17. 

xyp'+p (3x 2 — 2y 2 ) 

18. 

2j>=x/> + -^. 



{Patna 1933) 
{Madras 1937) 
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19. y=ap+V(l+P*)- . , . n 

20. (ap?—b) xy+ibx*— ay 2 +c) p— 0. 

21. y^ap+bp*.. 


22. p*-(y+2x ‘-e-n p*-f(2xp-2x <*-*) P+2*3> ^=0. 

23. * 

Jr 19595 


27.| \x z - xy =f(y i -xyp)- 





29. 

30. 


( x cos Z +p sin i ) p=( P sin £ -x cos * ) xp. 


x ~ x ' ' A x 

Use the transformation u=x a and v=.y 2 to solve 

(px-p) (p>'+x)=/j 2 p. 

( Allahabad 1969, Gorakhpur 1969, Sagar 1959) 
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51. Sometimes a solution of a differential equation can be 
found without involving any arbitrary constant and which is in 
general, not a particular case of the general solution. Such a 
solution we get when we solve the Clairaut’s equation. We will 
discuss these solutions here. 

Let / (x, y, p)=0 be the differential equation whose solution 
be <t> ( x , y, c) = 0 where c is an arbitrary constant. The c-discrimi- 
nant is obtained by eliminating c between the equations 

<f> (x,y, c)=0 and ~=0. (1) 

oc 

The p-discriminant is obtained by eliminating p between the 
equations 

f{x,y,p)=0 and |{=0 (2) 

op 

Evidently the c-discriminant is the locus for each point of 
which ♦ (x, y, c)=0 has equal values of c and p-discriminant is 
the locus for each point of which / (x, y, p)= 0 has equal values 
ofp. 

Now the envelope is the locus of points of intersection of the 
consecutive curves of the system obtained by giving different values 
to c in <6 (x, y, c)=0, and is obtained by eliminating c between 
the equations (I), and is therefore contained in the c-discriminant. 
Also the envelope is touched at any point on it by some curve of 
the system and therefore its x, y, p at each point are identical with 
x, y, p of some point on one of the curves of the system ; hence the 
equation to the envelope is also a solution of the differential 
equation / (x, y, p) =0. 

Further at ultimate points of intersection of consecutive curves 
of ths system, p’s of the intersecting curves are equal and locus of 
points when p’s are equal will include the envelope, that is, the 
equation of the envelope is also contained in the p-disc. Thus 
both the c-disc. and the p-disc. contain the equation to the en- 
velope. This is called the singular solution It evidently satisfies 
the differential equation but is not contained in the general solution 
and is not obtained by giving particular values to the constant in 
the general solution. 
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The />-discriminant gives equal values of p but these values 
may belong to two curves of the system that are not consecutive, 
that is, these curves have different c’s. Locus of such points is 
called the tac-locus - For example, consider a family of circles, all 
of equal radii, whose centres lie on a straight line. 



Fig. 1 


At a point such as P t the two circles, which are not conse- 
cutive, touch, that is, have same p but the direction of the tangent 
at P is not the direction of the line of centres which is the locus 
of the points of contact of the circles. The line of centres is the 
tac-locus. 

The c-disc. gives equal values of c but these values may belong 
to the nodes which are also ultimate points of intersection of the 
consecutive curves. Locus of such points is called the nodal-locus. 
The p for the nodal locus may be different from p of the curve 
passing through the node hence the x , y , p belonging to the nodal 
locus will not satisfy the differential equation as in Fig 2. In some 
cases however they may satisfy the differential equation, in which 
cases the nodal locus would also be an envelope as in Fig. 3. 



Fig. 3 
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As in the case of nodes, the cusps will also appear in the 
c-disc., as they are also the ultimate points of intersection of the 
consecutive curves. Their locus is called the cuspidal-locus. But 
a P s are e 9 ua l> that is, the cuspidal locus will also be con- 

tained in the />-disc. The cuspidal locus is not in general a solution 
of the differential equation as in Fig. 4 but in some exceptional case 
it may, as in Fig. 5. 




It may be added that the locus, obtained from e-disc, contains 
the envelope as a factor once, the nodal-locus twice and the cuspi- 
dal-locus thrice and that the locus, obtained from p-disc. contains 
the envelope as a factor once, the cuspidal-locus once, and the tac- 
locus twice. 

Thus 

e-discriminant ~ EN 2 C 3 =0 
p-discriminant^iiT 2 C— 0. 

We have seen that the singular solution, that is, the envelope 
is obtained as the common factor from the e-and /^-discriminants 
and that it must satisfy the differential equation. We now find the 
analytical condition for this: Suppose by solving the second equa- 
tion in (2) for p and substituting this value of p in the first equation 
we get /'= 0 (3) 

If this equation is a solution of the differential equation then 
the p obtained from differentiating this equation will be the same 
p as in f. Hence from (3) we have 
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But /' (***)—/(*> y>p) 80 that ' ? 

*r_+ir p=U+ d J p+UtiM+Up 

dx dy dxdy dp dx dx dy ' V 

because £/=0, hence p is given by 

cp ‘* 

p= 0. 

£ \ f *» . 

Thus we conclude that if a singular solution pf the diffe- 
rential equation / ( x , y, p)=0 exists, it must simultaneously satisfy 
the equations 

/=0 > K =0 - li+l{p= Q - < 4) 

If however, the value of p is inGnite then the last equation 
gives =0. In that case it is better to verify if the solution 

dy 

satisGes the differential equation. 

5*2. Solved Examples. 

Ex. J. Obtain the primitive and the singular solution of the 
equation 

P * (l-x*)=l-y*. 

Specify the nature of the geometrical loci which are not singular 
solutions , but which may be obtained with the singular solutions . 

( Agra 1961) 


The given equation is. 



1 ~? or c*?) 1 - 

p 1-** W l-x* 

or 

d y -J x o 

V 1— y a Vi-X 2 * 

or 

sin -1 y—sin _x x = constant 

or 

cos (sin -x y— sin“ x x)= constant. 

or 

v/1 -y* Vl—x*+yx=A (say) 

or 

(1-y*) (l-x*)=fc4-y*)* 

or 

l—y a —-x a +y 2 x 2 =A 2 —2A yx+y*x 1 


Thus the primitive is the family of conics 

x*+y 2 —2A xy=l-A*. 



v+ar 

dx dy 
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The c-discriminant is given by 

. A‘-2A xy + x *+y’--l=,0 

which is 4x t y*—4x 2 — 4^ 2 -f 4=0 

ie - (x 2 -l) (y 2 -l)=0 

The /7-discriminant is given by 

P“ (i-^ 2 )-(i-y j )=o, 

*- e - 4 (I-37*) (l-.x2) = o. 


The lines y= ± I and x= ± 1 are all touched by the 
conics. These lines constitute the singular solution. 

V^- 'Ex. 2. Examine the equation v 1 (i-i-» 2) =r 2 fn 
solution. K 1 ) JOr 


family of 
singular 


Solving for p, p=^ll — Z_ — 

‘ y dx 


or dx— 


r*— y' 


dy 


Integrating, x+ c= -y/r 2 — y* or y*+ ( x + c y = r * t 

c-discriminant is y t —r 2 =0 
/7-discriminant is y 2 (y*~r*)— o. 

The equation y*-r 2 = 0 occurs in both c-and /7-discrimi- 
nants and also satisfies the differential equation, it is therefore the 

singular solution. - 

The equation ;y=0 does not satisfy the differential equation 
but appears twice as a factor in /7-disc, and is therefore the tac- 
ocus. In Fig. I, Ei Ei and E 2 Ef are the envelopes and TT' is 
the taolocus? 

Ex. 3. Find the complete primitive and thp cirumin, 
of the differential equation singular solution 


& n ( x %) c °sy=cos (xf x ) Sin y+f 


dx ( Jaipur 19/»3) 


The given equation can be written in the form. 

sin — y 

\ dx y > dx 

xp — y=* in -1 p 


or 

or y=px— sin“ J p 

which is Clairaut’s form and its solution is 


(1) 


y=cx—sin 


-i 


(2) 
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Differentiating (1) with respect to p 

V(i- P *) giving *= 

Eliminating p between (1) and (3), the ^-discriminant is 
y=V (**— 1) — sin' 1 ■V , - ( - y2 ~ 1 l 


giving p= — 11 

jC 


( 3 ) 


(4) 


Similarly c-discrimnant is also the same. 
H^ce equation (4) is the singular solution. 


Ex. 4. Examine the equation 4x/> 2 = (3x— a) 2 for singular 
solution. ( Agra 1952) 


dv 3 x—a / 3 a v 

dx — x OI dy ^ x —wl) dx 

Solutionis y-\- c=x 3 / 2 — a x 1/2 or (>» + r) 2 =jc (jc — «) 2 . 

.*. c-discriminant is x (x— a) 2 =0, 

/7-discriminant is x (3x— a)*=0. 

x=0, which is a solution of the differential equation, is 
the singular solution ; the equation x=a, which occurs twice in 
c-discrimipant is the nodal locus and x=$a which occurs twice in 
/7-discriminant is the tac-locus. 

Ex. 5. Obtain the primitive and singular solutions of the 
following equation : 

4/7 2 x(x—a)(x—b) = {3.x 2 — 2 x (a +b)+ ab ) z , 

Specify the nature of the loci which are not solutions but which 
are obtained with the singular solution. ( Agra 1651, 1960) 

Applying the condition that p should have equal roots 

16 x (x — a) {x-b) {3x a — 2 (a+b) x+ab}*=0 (1) 


/ 3 


Also 


4r 8_ {3x a — 2 (a+b) x +ab} z 
x {x—a) (x—b) 

o 3x a — 2 (a-H?) x+ab 3x a — 2 (a+b)x+ab 
P Vx (x — a) {x—b) V x s -(a+b)x*-\-abx 

dy_ 1 3x a — 2 {a+b) x-\-ab 
dx 2 V x 3 — {a+b)jp+abx 

y+c=*y/x 9 — (a-\-b)x 2 +ab x=y/x {x—a) {x—b). 

Hence the primitive is (y+c) a =X {x—a) (x—b), 
c 2 + 2cy+y 2 — x (x—a) {x—b) =0 

The condition that c will have equal values is 

— 4 { y z — x (x—a) (x—b) }=0 
x (x—a) (x— 5)=0. 


( 2 ) 
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(2) {*-*) are the common factors and 

the differential equation is satisfied by *=0, x=a x=b Henrr 

these are the singular solutions. The remaining factor in theT 
discriminant is 3x 2 -2x ( a +b)+ab = 0 which gives P 

2 ( g + fr)±\/4 (a-fh~) 2 — 1 2 q/> 

6 ■ 

or 3x=(a+b) ± g(a 2 — ab-\- b 2 ) 1 ' 2 

Since this is a square factor, hence these lines are tac-loci. 

The curve y*=x (x-a) (x-b), (0 < a < b) consists of an 
oval cutting the axis of * at the origin, and at distance a, and of a 
curve like a parabola cutting the axis of a: at a distance b The 
tangents at all these points are parallel to the axis of y which are 

x=0, x—a, x=b. 

„ Th ' sy f tem Tk CUr . V ” 't obtained by moving this curve parallel 
to the axis of y. The«traight lines x=0, x=a, x=b are envelopes 


( 0 , 0 ) 


(a.o> 


(I> 0) 


Fig. 6 

of the system The line 3 x= a + b~V^‘~ a b+b') is a tac-locus of 
real points of contact ; the line Cl,s 01 

3x=a-\-b-\-y/(a 2 —ab -f £> 2 ) 

is a tac-locd9 of imaginary points of contact. 

Ex. 6. Solve and test for singular solutions 

p*-4xy p+8y*=0 

( I A S . 1951, Agra 1955, Jaipur 1957) 

Substituting y=z* i.e. p=^=2z^ , we get 

dx dx 0 

8Z * <£>'-**■ 2 ^|+ 8 2 «=0 
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The solution is z—xc'— c' B 

or » y/y=xc'—c' a 

or y=c'* (x-c' 2 ) 2 =c (x-c) a . 

Now differentiating the given equation 

p 8 — 4xy p+8y 2 =0 (1) 

• I 

partially with respect to p, we get 1 

3p*—4xy—0 - (2) 

Eliminatingp between (1) and (2) we get y (27>>— 4x 8 )=0 
which is the p-discriminant. 

Also differentiating y=c (x— c) 2 (3) 

partially with respect to c we get, —2c (x— c) + (x— c) 2 =0 

or [x—c) (x — 3c)=0 (4) 

Eliminating c between (3) and (4) we get 
if c=x, >>=0 and if c=J x, 27 y— 4x 3 =0, 
c-discriminant is y (27 y— 4x 3 )=0: 

Hence v=0 and 27 y— 4x 8 =0 are the singular solutions. 

Also clearly y = 0 is a particular integral of the equation. 

v. Ex. 7. Examine the equation p 2 +2xp— >>= 0 for singular 

solution . 

Here (p+x) 2 =>»+x a or p=\/ j>+x 2 —x 

Put y=x 2 v x 2 J^+2xv=x (\Zl-f-v— 1) 

or x = 2v 

dx 

dr dv . i.-. 

or f=vT Tv->-* ~ PU ‘ 1+V=HS 

_ 2 u du _ 1 (1 — 4m) du—du 

~ 1+m— 2m* 2 1 + m— 2m 2 

Integrating we get 

log x=-i log (1+m-2m 2 ) + | J + constant 

% 

*°g (1 +m— 2m 2 ) + & log + constant 

Hence x G (1+m — 2m 2 ) 3 = constant 
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*« (1 +2«) f =constant 

*3 (i _ U )» (1 + 2 m)=c. 

1 — 3n 3 + 2m 8 = — 

X s 


or 


so 


1-3 (l + i)+2«(l+^)= V 

giving finally (2x 3 + 3x>> + c) 2 =4 (x 8 +>») 3 

/7-discriminant is x 2 +.y = 0, 
c-discriminant is (x*+.y) s= 0* 

Hcncc ^x 2 +.y=0 is the cuspidal locus. 

\^fxTs. Examine the equation x 3 /7 2 + xV/7 + tf 3 
nation. Find also the t a c- locus. 

Here v = — xp . 

x* p 


= 0 for singular 


or 


Differentiating we get 



dp. a ‘ ( 2x P +x * d dx) 
dx ^ x 4 P i 





Hence 2/7 +x ^=0 giving /7= 


c 


.*. Solution is a 3 x+cx.y+r 2 =0 

/7-discriminant is x 3 (xy 2 — 4a 3 ) = 0. 
c-discriminant is x (xy 2 — 4a s )=0. 

Singular solution is x (xy*— 4a 3 ) =0, 
,and tac-locus is x=0. 


Uetff 9. 


Reduce the differential equation 


x 2 p*+yp (2x+y)+>» a =0, w/icre 

to Clairaut's form by the substitution Y=y, X=xy. Hence , or 
otherwise t solve the equation. Prove that y + 4x*=0 is a singular 
solution : and that y=u ir both part of the envelope and part of an 
ordinary solution. 

( Bombay 1901, Jaipur 1956, 1959, Agra 1957, 1902) 
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Put y= Y, xy=X so that y— Y, x—~ 

• • 

hence dy=dY, dx=y dX-^dY 


hence /)=— 


dY 


Y 2 P 


- dX-£dX 


where P= 


^ Y-XP 

Y Y 2 

The differential equation is {xp+y) z -\-y 9 p= 0. 

• /K. X2p +Y V+y* ^ —o 

** 'Y ' Y-YP^ Y-YP 


dY 

dX 


Y Y-XP 
which simplifies into Y—XP—p. 


Solutionis Y=cX— — , ( e. y=cxy— — 

c c 


• • 


or 


c 2 xy—cy— 1=0 
c-disc. is y 9 +4xy = 0 i.e. y(y+4x)=0 
p-disc. is y 9 (y-\-4x)=0. . 

Singular solution is y (> , +4jr)=0. 

Hence the result. 

Ex. 10. Examine the equation xp i —2yp-\-x-\-2y=Q for singu- 
lar solution. Hence interpret the primitive and singular solution. 

{Agra 1959) 

Put y—x=Y t x*=X so that x=y/~X t y= Y+ y/X t " 

Hence dy=dY+ dX, dx=~j dX 


p—2y/X P+l where P= 

The equation is x(l +p-) — 2y ( p — 

1 


dY 

dX 

0 


which reduces to Y=XP 


IP 


.*. Solution is Y=cX+)~ or y—x=cx*+^- 

or 2c* .v z — 2c (y-x)- fl=0 
c-disc. is (y— x) 2 =2x 2 . 

p- disc, is also the same hence it is the 9ignular solution. 


•n 


( 1 ) 

( 2 ) 


«• 
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Clearly (1) represents a family of parabolas and (2) represents 
a pair of straight lines y-x = ± y/2x. Hence eq" represents a para- 
bola touching^ pair of straight lines. 

Ex. 11. Obtain the singular solution of the equation 

p 2 y * cos 2 a — 2pxy sin 2 a+y 2 —x 2 sin 2 a = 0 

directly from the equation and also from its complete primitive , ex- 
plaining the geometrical significance of the irrelevant factors that 
present themselves. ( Nagpnr 1901, Jaipur 1950, Agra 1953) 

The condition that the equation 

p- y 2 cos 2 a — 2 pxy sin 2 a-f>’ 2 — x 2 sin 2 a = 0 

may have equal roots in p is 

x 2 y 2 sin 4 a=y 2 cos* a (y 2 — x 2 sin - a), 
i.e. (x* sin 2 a— y 2 cos 2 a) y 2 =0 

so that y= 0 and y=+xtana. 

Now the given equation is 

pi y*—2pxy tan 2 a-\-y 2 sec 2 a — x 2 tan 2 a=0. 

Solving py=x tan 2 a ± sec ay/x 2 tan 2 a— y 2 

v dy—x tan 2 a dx , I 

+ -i — — — =sec a ax 

"Vx 2 tan 2 a—y 2 

+ yx 2 tan 2 a— y 2 =c— X sec a 
X 2 +>; 2 — 2cx sec a+c 2 = 0 i 

Hence c-discriminant is given by 

x 2 tan 2 a — y 2 =0 or j»=+xtan a. 

Also, the complete primitive can be written as 
c 2 — 2cx sec a + x 2 sec 2 a = x 2 tan 2 a—y 2 

or x 2 +y 2 —2cx sec a-\-c 2 =0 
or (x— c sec a)*+j> 2 = c 2 tan 2 a 

Thus the curve represents a series of circles, their envelope is 
given by the two straight lines y= ±x tan a. 

Since they are common both in /^-discriminant and also in 
c*discriminar.t, henc^ they constitute the singular solution. 

The line y= 0 is a tac-locus. 

12. Transform the equation 

(2x»+l) ( ‘^'f + tf+Ixy+y'+Z) ^+2>' J +1=0 

to Clairaut's form by putting x+y=u t xy — l = v and integrate it. 

Here x+y=u, therefore dx-\-dy=du 
, xy—l — v, therefore xdy-\-ydx=dv. 


or 

or 

or 
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or 

or 


or 


V 


1. 

2 . 

3. 

4. 


\^f0 
, 12 
.13 

- 19 


• p_ dv - x d y+y dx ■*p+j’ ...u dy 

'as — iFF* — r+F where *“;<&• 

Solving it p=[y—P)/(p— X ), 

Substituting this value in the given equation 

(2x*+l) +{x r +2xy+y*+2) - ?~ P +2>* -flr^O 

(2^+1) (y-P) 2 + (x 2 +2*y-t-p 2 4-2) (y-P) (P-x) 

^ . + l2y*+l) (P-*) 8 =0 

P i (x*+y>_2*y)+P{ { x +y) ( x *+y*-2xy) } 

0 -(*y-l) (x*+y*-2xy)=0 

P*+P (x+y)-(xy- 1)=0 . - 

»=« ?+P* , which is the Clairaut*s form. 

The solution is 

V—U c-f-c 2 

xy — l = U+p) c+c*. 

EXERCISE V 

Examine for the singular solution : 

*V— 3*yp + 2y 8 +* 3 =0. (Put x=X y y/x=X) 

xp z -2yp+ax=0. 

y i -2pxyfp 2 {x 2 -l)=m 2 . {Punjab 1950) 

y=xp~p 2 . ^ 5. 4p*=9x. 

{Agra I960) 
{L.I.C, 1900) 




v 6, (x-1) {x-2) p a -(3x 2 -6x-{-2) 2 =0. 

^7. .(8p 3 -27)x=12 p-y. 

— 


3y=2px— 
P 2 (2 




9. y s +p 2 =i. 

-11. 4.y/> 2 =(3x— l) 2 , 


(IA.S. 1959) 


^ 14. 3xp 2 -Qyp-\-x+2y=0. 

16. y 2 (y-*p)=* 4 p 8 . (-4gra 1934) 


24. 


a :/? 2 — U — fl) 2 =0 
yp*—2xp+y=0. 
p 2 +2px*—4x 2 y=0. 

{x 2 -a 2 )p 2 -2xyp-x 2 =Q. 18. ' p*=4yXxp-2y)*. * 

(1 ~>’ 2 ) P 2 =l* 20. x*+y=p< ” 

/> 3 =>- 4 (.v-f *p). * 'SZ. (\-p)t- e -i V==p % e-t*' 

axyp 8 -b(x 2 — ay 2 - £) p — Ary. 

(/.^ 5. 1935 ; I960 ; 1944) 

p a =(4^+i) tp-;o. 

p 2 +2xy/>+£ 2 -y*=:0. (/. ,4. 5. 1957) 

Reduce xyp 2 -(x*+y*— 1) p+xy=0 to Clairaut’s form by the 
substitution ^=* 2 ; JT=y*. Hence show that the equation 
represents a family of conics touching the four sides of a 
square. (Pay., 1948, Agra 1958) 

Show that xyp 2 -\-{x 2 —y 2 —h % ) p—xy= 0 represents a family of 
confocal conics, with the foci at {±h t 0) touching the four 
imaginary lines joining the foci to the circular points at 
infinit ^ {Agra 1937$ 



26. 


27. 
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28 . 

29 . 





Show that the complete primitive of 8 p 3 x=y ( 1 <j) , s 

(x-{-c) 3 = 3y 2 c, the /7-discriminant is y 2 (9.v 2 — 4j^) =0 and 
c-discriminant is y*(9x*-4y 2 ) = 0. Interpret these discriminants. 

(■ Punjab 1956) 

Show that the curves of the family y 2 —2cx*y-hc 2 (x 4 —x 3 )=0 
all have a cusp at the origin, touching the axis of x. 

By eliminating c obtain the differential equation of the 
family in the form 4p 2 x 2 {x— \)-±pxy(4x— 3) + (16* — 9)>>*=0. 

Show that both discriminants take the form jxrV^O but 
that *=0 is not a solution, while y=0 is a particular integral. 

Reduce to Clairaut’s form the equation 

( px*+y a ) (px+y) = (p + l) 2 
by substituting u=xy and v=x+y. 

Show also that a: 2 j>*+ 4 (*+j;)=0 is the envelope locus 
and x—y= 0 is the tac-locus of the system given by its general 
solution. ( Rajasthan 1955, 1959) 

Show that the equations 

y-xp = a (y 2 +p) and y-xp=b (1-f * a p) 
are derivable from a common primitive. ( Lucknow 1953) 

Reduce the differential equation (px~ y) ( X —py)=2p to 
Clairaut’s form by the substitution x 2 =u and y 2 =v and find 
its complete primitive and its singular solution, if any. 

{Raj 1949, I. A. S. 1951, Agra 1954) 

[ Hint. Making the substitution x 2 =u, y>=v 
.*. 2x dx=du, 2 y dy=dv we get 

dv _ _ 2dv /du 

du l—dv/du 

This is Clairaut’s form. Hence solution is 

v=uc+ or c * xZ + c (2—y M —x 2 )+y*=.0 


The c-disc. is given by (2— yt— x i ) 2 =4x 2 y* 

l.e. (x+y+V~2 ) ( x+y-S 2) (x-y+y/ T) (x-y-y /' 2 )=0 
The p discriminant is also the same ]. 



CHAPTER VI 


HOMOGENEOUS LINEAR EQUATIONS WITH 
VARIABLE COEFFICIENTS 


61. The Homogeneous Linear Equation. A linear differential 
equation of the form 

+W, ...U) 

where A lt A 2 , A n are constants , and X is either a constant or 

a function of x is called a homogeneuos linear differential equation. 

£ To solve this typei of equation we generally change the inde- 
:ndent variable x to z by substituting x=e _ J 

We have 

dz 

• .*“• * 

dy_dy dx__ dy 
dz dx * dz dx 


• • 


d__d 
X dx dz 


or 


Let D stand for r , then 

dz 


± (***£lz. W£L + ( „-D 

Jx \ dx / dx* K dx*- 1 


x* *Z=(x 5-11+1) 


dx 


dx 


x n 


Ii d- l x 
dx n ~ l 


Now putting n= 2, 3, 4 in this, we have 

- a -(D-l) X d j-=D (Z> — 1) P, 


dx 8 


<£* 





2) U>-1) i>^ctc. 
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x n< jfr n =(D-n + l)(D-n+2) (D- 1) Dy 

=D(D- 1) (D- 2) (Z>-« + l)y. 

Thus the transformed equation is 

[ Z) (£>-»)...(/>-« + 1)4-^ D (D-\)...(D-n+2) 

, . . . + 4-/4, ) >>=Z ...(2) 

where Z is the function of z into which X is changed. 

This is an equation with constant coefficients and therefore 
can be integrated by the methods previously discussed. If the 
transformed equation is 

f(D) y=Z , 

then C. F. is given by the roots of / (Z>) = 0. 

If m l9 m 2 are the roots of / (Z>)=0, then 

C. F.=c, e"> 2 +C 2 e m ‘ 1 =c, x m ‘+c, x m > 

If m l = m 2 , the C. F. = (c l -\-c 2 z) e ntl 2 

= (ci + c 2 log x) x m K 

In case there are r roots each equal to m, the corresponding 
w • Jr • is 

x m [ c x -\-c 2 log x + 4 -C r (log x) r ~ l ] 

If the roots are imaginary say a ±i£, then 

C. F.=e az (c y cos $z-{ -c 2 sin $z) 

=x “ t c i cos (£ log *)4-c a sin ($ log x ) ] 

Similarly the Particular Integral is given by 

1 z 

k » 7 W) z 

Ex; 1. Solve : 

x ‘ 2>- +2x3 % 

(• Bombay 1961, Agra 1965, Mysore 1948) 
Dividing both sides of the equation by x 

x * 4 - 2x* **y-x d *4-v = 1 

dx» + * x di? x Tx +y= ir 

On changing the independent variable by putting *=«*, this 
equation is reduced to * * 

( D (D- 1) {D-2)+2D (Z>— 1)— Z>4-1 1 y=e- 
° f (D-l)* (D+l) y=e-! J V 
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The C.F. =(<?!+<* z) e M +C3 e~* 

={c x +c 2 log x) x+c 3 x- 1 

pi 1 g -« 1 ^ e~‘ 

(0-1) 2 (0+1) ‘ 0+1 (0-l) a 

1 e~* e e 1 1 _€-* . z at 1 log x 

” 0+1 4 4 0 * 4 4 

Hence the complete integral is 

/ J=( Cl +c 2 log jc) x+c 3 x-' + i x- 1 log x. 


Ex. 2. Solve : x 2 




{Jaipur 1951) 


On changing the independent variable by putting x—e * , the 
equation is reduced to 0 (0— 1) y— 2y=e u -\-e~* 
i.e. (0 s — 0—2) y=e lt +e- t 

The auxiliary equation is : m 2 —m— 2=0 giving m— 2 or — 1 
C. F. is c x e u +c 2 e~'=c x x a +c a x" 1 


* '•= 5TO- (*“+*-> 


1 


e u + 


(0-2)(0+l) 




(0-2)(0+l) 


l 


3(0-2) 


e 2; 




3(0+1) 


= _L e 

3 0 


- 1 .l-le-.i.l 


3 ' 0 

= i z (e a, -e-‘) = i log x (x a -l/x) 

Hence the complete integral is 

?+c a x^+i log x.(x*-l/x) 

U Ex. 3. Solve : x* -^j—x 2 ~y+2x d /-2y=x 2 +3x. 

dx* dx* dx 

(Raj. 1955) 

On changing the independent variable by putting x=e*» the 
equation reduces to 

{ 0 (0-1) (0— 2)— 0 (0—1) +20— 2 } y=e u + 3e* 
or (0 s — 40 2 +50— 2) y=e 3t +3e* 

or (0-l) a (0-2) y=e 3 ‘+ 3e* 

The C.jF=(c 1 +c 2 2 ) e*+c a e l4 =(c 1 +c a log x) x+c 3 x 2 . 
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P. /.= 


(Z)-l) 2 (Z)-2) 




= _1_ e 3z 3 * P i 

4 * (2>-l)* * 


= — e 3i — 3 . e* . -L . 1= * e 3 *— - e z . z 2 t 

* » » ' 


1 

4 


3 

2 



— e 3 * — 3 . e* . ± 

4 /)* 

= i x 3 -f x (log a:)*. 

The complete integral is 

_y=(Ci+C 2 log x) X + C 3 X 2 + \ X 3 — * X (log x) 2 . 

EXERCISE VI (A) 

Solve : 

x* d X + 2x d / - 2y — 0. 

ax 2 Jx 


-•-S -4+'- 2 '•« - 


( Punjab 1953, Agra 1949) 


y ,a „2 <* z y 



4. 


x 2 d *y 

dx 3 


^3-3^ 2 y* + Sxy x -§iy= (log x) 
d 2 y *6 dJ'ly 

dx 3 x t/x 2 T x a 


2 ^= 0 . 

dx 

(/. /I. S’. 1953) 


6*2. Alternative Method. 

To determine the complementary function. If in the diffcren- 
al equation 

*” x"- 1 J i^r+ +*.y-x. -0) 

we put y=x m , the left hand side of the equation becomes 

[ m{m— l)(w— 2) ...(m— /i-f-1) 

• +/4j m (m-l)...(w-/j-f2) + ...-(-^ i ] a:™ 

Hence if 

/ (m)=m (m — l)...(m — M-fl) 

+/t x m (m — — /i + 2)-f- ...(2) 

the substitution y = x ,n makes the first member of (l) vanish. 
Hence y=x ,n is a part of the C.F. of the integral of (1). 
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Case I. Distinct unequal roots . If m,, nu nt m are n 

distinct roots of (2), then 

C F.=c x x n ’ l -\-c 2 x m "- 

. . f; a ? e fyual roots. Here / ( m ) in equation (2) is the same 
as / ( D ) m equation (2) of the Art 6*1. Thus corresponding to an 

y=x mi of (1), there is an integral y=e mi z of equation 
(1) of Art. 6T. Hence, as has already been seen an integral of (I) 
can be obtained by putting z=log * in the integral of (1) Art. 0-1. 
.therefore if / (/n)=o of (2) has two eaual roots say the 

corresponding integral of equation (2) being ' 


y ss {c 1 +e t 2 ) e"‘ lZ 

the integral of (1) by substituting z=log at, is 

y=(c x +c 2 log x) x m . 

In like manner if there are r roots equal (m, =/«,= .. . 
the corresponding integral of equation (2) is 


$ 



y=[ C x +c 2 log .v+c 3 (log x) 2 + +c r (log x)'- 1 ] x m K 

;r»o„- CaSC ,,1 ‘ Ima £inary roots. If equation (2) has a pair of 
Art being 0 * 8 * S3y ’ a -^* t ^ xe corresponding integral of (2) of 

y=[c x cos ( Bz)+c 2 sin (£ z) ] e " 
the integral of (1) is 

* y—[ Ci cos (g log x)+c 2 sin (£ log x)] X* . 


' 4 - Solve : x >fy + 6 ** +i x f- iy=0 .. 

dx* dx 

Substituting y= x m in (1) we get 

[ m (m-l) (m-2)+6m (w-l)-f4m-4 1 a: m =0 
or (w 8 +3m a ~ 4) A: m — 0 

or (w-I) (m+ 2) 2 x”»=0 

Substitution of y=x m will satisfy the equation (1) if 

(w-1) (w+2) 2 =0. 

The roots of this equation are 1, —2, —2. 

Hfnce the solution is 
' y=c x x+(c t +c a log x) X- ». 

Ex. 5. -Solve: (x 8 Z> 8 +3x* £> a -fx0+l) y=0. 
Substituting y= x n in (1) we get 

(w 8 -f 1) Ar m =0 ; 

Substitution of_y=Ar"’ will satisfy the equation m 

wi 3 +l=0 

of which the roots are —1, \ (l + y/3i). 
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Hence the solution is 

V3 


= c > x ~ 1+ { 

Solve : 


Co cos 


(— 2 - >°g * ) + c 3 sin (^L log x 


I 


</ 2 .y 


EXERCISE VI (B) 


4 £=0. 


dx 



2 

</x 2 


3x- +7x )Y— 8 y= 0 . 


dx 


3. 


*> 




* ^ + 5^ = 0 
dx 


■ 3 . ** + 3 * d 'y 


dx 3 


r + 2 ^=0 

Jx 


6*3. Symbolic Notation in 6. 

d 


that the symbol D stands for 


dz 


We have assumed in Art. 6*1. 
But as proved before 


d d , , 

-j—=x —j — , hence the expression 


r *_ 

dx' 


may be written as 


x r -f— 

dx r 


—D (D — !)...(/> — r-f 1) 




Since D has already been used for £ in previous chapters, 


so if we write 0 for x ^ 


form of 


dx 


d r 

x r — =a (a— 


- , the above expression takes the 


and the equation 


x n 


faf = * C*- 1 ) (*-r+ 1) 


AOy+A.x”- 1 ~ y y/ j > y 

dx n dx "-i y— X 


is reduced to y 

— n + l)+A x Q{d—\)...(d—n+2) + ...-) r A n ) y—X. 
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If for the expression in the bracket we write / ( Q ), it becomes 

f{6) y=X. 

Here/ (d) is the same as / ( m ) of equation (2) of Art. 6’2. 
Hence the C.F. will be obtained in the way as we did in that 
Article. 

Note 1, It may be noted here that the factors of f (0) are commutative. 
For example 

(0-*) <0-(S),=( * )(, g-p, ) 




_.2 <Ly 


"^^Sr +x S (, - a -W + «py 

and (0- (0— a) y=( x ^-{J ) ( x ^-ay ) 

+■«: ^ (1 -«-p)+«py. 

The above truth can be established by taking even more factors. 

Note 2 The expression y-^y -Y may be defined as a function of x which 
when operated by /(0) A'. 

6-4. To determine the Particular Integral. The determination 

oi the P. /., which is symbolically expressed by ^ — X , may, by 

J {0) 


the resolution of \ into partial fractions, be reduced 

/U0 

evaluation of expression of the form 

(JPa— 4- + />» W 

' tf-a, ^ 0—a 2 + 0-o„ / X 


to the 


d—a 


X+~ 


d—a 2 


X+ 


0-a n 


Thus we have to operate X by operators of the form 
Pu Pi etc. bwng constant multipliers. 


d—a 


Let 


d~a 


X= v. 


...( 1 ) 



HOMOGENEOUS LINEAR EQUATIONS 


85 


Wc may then write ( 0 — a) y=X. ( 2 ) 

Our assumption is legitimate because if we operate both sides 

° f by / 7 we S et (1). 

u — U 

(2) can be written 
v d y 


dx 


—a y=X, or y JL. 

dx x ' x 


Integrating we get ye 


* x -' x-*~'x dx 


-/ 


••• *=*' f 


x “ -l X dx. 


~X=x* f * - * -1 Xdx. 

6— a J 

C Thc students are advised to commit this to memory ]. 
Hence — ^ — X=p 1 x a 1 f 

9 -a x yi J 

and therefore the Particular Integral is 

Pi**' J x~"-' -Xdx+p^f x —r~* Xdx+... 


x 1 . X dx 


+PnX a * J 


x~ an ~ l 


Xdx, 


1 


Note : If^z «) r X is one of the partial fraction i of ~ L_ ^ 
operator ^ — /f to be applied r times to X i. e. 

u — a. • 

1 1 


(0 — a)* 0 — a 

a 


a: “ 1 Xd* 


thus In general 


1 


X=x a 


I 

I*~' / 

I /--/ 


(0 — ajr 

6 5. Particular Cases. When A' is of the form of x m . 
We know that 


* * 1 Xdx r. 


the 


0 x m =x- r x n =x Mx m ~ 1 =mx m . 
dx * 
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02 Xm=X <ix X" 


xm==X Tx ( m * xm ) =x - m% - mx m - 1 =m 5 x 


Thus f(0)x m =f(nt)x m . 

Operating both the sides of (1) by J_ *•», wc gct 


(i) 


M 1 **)*"} 


or x n =f{m). 


m 


x m , f (m) is a constant 


or 


’ ^ y m = _| Y-m 

AO) Am) 


NOtG * ^/hocffeih? 8 3 r ° 0t d==m ' then /(" , )=°> henc e this 
Let f ($) = (6—m) F (0) in this case. 

Then the P.I.= \ _J x m = _J 


1 


v— m F (m) 


F (m) e—m 


= p!—r * m f x- m ~\ x n dx=— log x 
*\ m ) J F(m) 

H f (0)=O has r roots each equal to m, 

= F, (e) 

and therefore the corresponding integral is 

= L_ *-= *” 0?g *)' 

^ F 1 ('”) (tt-m,' r !. F 1 (m) ' 

Ex. 6. Solve x * + 4 v = 2x ! 

dx* dx 


(. Delhi 1969) 


■■ 

s ince x jr = </ and x’ JjL =«. (tf-l),. ,he differential equa. 

tion can be written in the form 

{0 (0— 1) — 30-f 4} y=2x 2 

(0—2)* v=2.v a . 


or 
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The complementary function is 

** (^l+^a log *)• 

The />. /.= — 1 2x 2 

(0 — 2) 8 


= » - 2 { ** f * *"* dx }=^2 (X * 108 X) 

= 2 x a J x~ 3 x 2 log x dx=x 2 (log x) a . 

Hence the general solution of the given differential equation is 
^ y = X 2 (Cj-fCa log *) + (* log X) 2 . 

^^Ex. 7. So/ve : 

S +2x * d Z +2 '= 10 ( X+ T ) • 

(Dc//» 1961, Agra 1952) 
Here / (0) is 0 (tf-1) (0-2)+2 0 (tf-l) + 2, which reduces to 

( e + 1) ( t > 2 — 20+2), 

the roots of which are —1, 1 + 1. 

Hence C.F. = c 1 x~ l +x {c 2 cos log x+c 3 sin log x). 

P ‘ L = (T+A)(0 a -20 +2) * 10 (* + *) 


1 


(0 + l)(0 a -20 + 2) 


. lox+ 


(0+lj(0 a -20+2) 


10 *- 


1? -+ 10 * 
2 + 5 (0 + 1 ) 


-1 




= 5.v-i-2*-i / **-». *-i </*s=5*+2.y _1 log *. 

Therefore the solution is 

=* (c 2 cos log * + c 3 sin log *+5)+*-' ( ri + 2 log *) 

Cx. 8. Solve: (x* 7) a 4-3rn+ i ) y ~ 1 

(l-*) 2 ' 

(/f£rtf 1945, ’51, ’53, ’57, /toy. ’52) 
Here /(0) is 0(0 — l)+30 + 1 which reduces to (0 + l) a . 

Hence C F. = {c l +c 1 log *) *-», 
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=J+i *- 


=*" 1 / X 1 -'. X- 1 (1— jc)-> rf* 

(i+lh> * 

'°g 

Hence the complete solution is 


J' — AT 1 (c! + c 2 log xj-fx- 1 log 


x-1 


form 6 T , Equatio . DS whlch can be reduced to the homogeneous linear 
form. The equations which are of the form 8 linear 


( a +6*)» d ’L +Al (,+&,)« d_^y + 


+ A -i ia+bx) fc+A„ y=F (x) 


(1) 


homogeneous” linear ’ c .°r s,an,5 > ca » easily be reduced to the 
nomogeneoushnear form w.th constant coefficients. If we write 

lz_L dy 

dx dz dx * dz' t 


=£ ( I dy \d_ / h dy \ dz _, 2 d*y 
dx dx \ b dz ' dz \ dz ' dx dz 2 


dn y =b ndy 

dx" dz n ’ 


Substituting these values in (1) it is reduced to 

2 " Pn +1r 2"' 1 d j~ y + - 9 z n ~ 2 d '~ 2 y 
dz n b dz "- 1 ’ 


4l-I z d -y+ A. v _ 1 K /z-a\ 

*“-■ b* y - b ° F (nr) ■ 


(2) 



HOMOGENEOUS LINEAR EQUATIONS 


89 


This is a standard form and can be integrated easily. If 
y—F (z) be the solution of 1 1), then \'~F (a-rbx) is the solution 



x. 9. Solve : (2x— 1) 


^- +(2x ~ l)d /x~ 2y=0 


( 1 ) 


Let 


2a: — 1 = 2 , then . *=2 

ax dz dx 


dy 

dz 


<Py = d ( o <!y d (9 d y \ dz =4 d *y 

dx 2 dx \ dz ' dz ' dz ' dx dz- 

d *y _ ^ / 4 \ d / 4 \ o 

dx 3 c/x V dz- ' dz > dz 2 ' dx dz 3 
Substituting these values in the equation (1), it is reduced to 

8i 8 -\-2z d /~2y=0 (2) 

dz 3 dz 

Putting y=z m , we get 

{ 8m (m-l)(m-2)+?m-2) z m = 0 
or (4m 3 — 12m s +9m— 1) z m =0 

and the roots of the equation are 

1, H2+V3) and h (2-V/3). 

Hence the solution of (2) is 

y-c,i+e, 2 , + J ' /3 +c 3 z'-*V3 

and therefore the solution of (1) is 

>>= 0 , (2x-l)+c t (2x-l) , + *' /3 +c 3 (2x-l) 1 “^ 3 

^(2x-l) { e t + c t (2x-]/v'3 + f;j(2A ._ 1) -i v /3| 
^"^Ex. 10. Solve : 

(* + fl ) S l ^T“ 4 (*+<*) ^+6j»=x. 1956, 62) 


Let x+tf=z, then and d * y -= d *2.. 

dx dz dx 2 </z 3 

Substituting these values in the given equation it is reduced to 

2 </ 2 .y . d y \ a 

Z *» + • 


Or in a symbolic form it is reduced to 

{ u (0 — 1) — 40 {-6 } y=z—a 
i.e. {0— 2) (0-3) y=z— a. 
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The C.F.=c r z z +Co z*= Cl (x+a)*+c 2 (jc-f-a) s 

/>./ = - ! (z-a) 

(0—2) (0-3) V ' 


=(^-^2) (z ~ a) 


=z* J2 1 {z-a) dz-z 3 J z - 3 (z-a) dz 

=\ z—\a=\ (*+a)-£a=£ (3*+2 a). 

Hence complete solution is 

' y=c x (x+a)*+c 2 (*+< 2 ) 2 +£ (3x+2a). 

Ex. 11. Solve : 

<*+»>'-S +9« (*+U 3 ^- + 104(*+l)«_^ + 8 (x+l)£+y 


Substituting x+1 =z, the given equation is reduced to 


' • ' as ■ • 

=x 2 +4x+3. 


10* 4 4 ^- + 962 s 


+ 104e 2 *£+8,*+, 


<fe 4 * ^ -d*^°‘dz~ ry 

= (z + l) 2 -l=z 2 +2z. 

In symbolic form it is transformed to 

(160 4 -80 2 +l) y=z*+ 2 z 
(20— l) 2 (20 + 1)2 >>=z 2 +2z. 

Hence the C.F. = {c x +c 2 \og z) z* + (c 3 +c 4 log z) z~K 

={ c x +c t log (x+1)} (x+1)* 

+ fo»+c 4 log (*+*■)} (jC + lf*. 

P ' L= (20— I) 2 (20+1 i 2 (r3 + 2z ) 


- t 


_ z 2 2z_ z 2 +50z _x 2 +52*+5l 
9 x25 ' 9 225 225 


Hence C.F. and P.I. together give the complete solution. 

^ Ex. 12. Solve (1+*) 2 _y 2 + (*+*) yi+y=4 cos log (l+.v) 

{Agra 1950) 

Putting 1 +A'— e r and denoting ~ by the symbol D , the 

dz 

differential equation is reduced to 
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D (D— 1) y+Dy-\-y=± cos z. 
op (£ 2 + l) y = 4 cos z. 

The auxiliary equation is 

m 2 +l = 0 

C.F. = c y cos z+c 2 sin z=c x cos log (l+x)+c, sin log (1+*) 

1 


• • 


P. I - 4 


cos z = i. | z sin z 


Z) a +1 

= 2 log (1+*) sin log (1+x). 

The complete solution is 

i log?(l +x) +c 2 sin lo 8 (l+*)+ 2 l°g (1+*) 

x. 13. Solve : 

2x^0+4r=x=(^)’+2x^ > 
after making it homogeneous by the substitution y—z 2 . 
Since y=z\ therefore • 


-S -* (£)+** 


rf 2 z 


</x 2 ■ Vx' ' “ dx 2 

Substituting these values in the given equation it is reduced to 

dz 
dx 


n d*Z c«i. | 

X- - 7 -^ — X — + 2 = 0 


dx 2 


In symbolic notation 


which is a homogeneous linear equation, 
it is 

(* 2 -2tf+l)z=0. 

Hence its solution is 

Z=(c 1 +c 2 log x) X 
^ _ y={ci+c 2 log X ) 2 X*. 

. 14. Solve ! 

[ x 2 D 2 — (2m— 1) x£) + (m 2 +/i 8 ) ] .y=n 2 x m log x. 
Substituting x=e‘ i e. z= log x, the equation is reduced to 

-X — (2m— 1) (/**+«*) >>=/i 2 z V ’ (1) 

az* elz 


or 




If D '=-+ , then the equation (I) is 
dz 

[ />' (/>'— 1) — (2m— 1) Z)'+m 2 + n 2 ] >/=n 2 <?"•. z 
/.e. (Z)' 2 — 2m/X +m 2 +/i 2 ) >»=w 2 e"** . z. 

Roots of the coefficient of^ are m±ni. 
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and 


Hence C. F.=x m [ c x cos (n log x)+c t sin (n log z) ] ' 

I — D' 2 ~2mD'+m 2 +n 2 n ’ 2 


{D'+m)*-2m {D'+m)+m 9 +n* * 


n 8 z 


Z>' 2 + /2 8 


n 2 z 




=e m * . 2 =x m log 
Hence solution is 

3^=*™ [ q cos (n log x) + c 2 sin (/i log x) ]+x m log x. 

4r I 

\^ix. 15. Solve : 

* 8 ^- 3 ^+J>= l - °^ 3C - 91P y (log *) +1 . (^gra 1939, 1902) 

On changing the independent variable by putting x=e*, this 
equation becomes 

(£ 2 — 4Z)-f-l) _y=e“* . z sin z+e~ * 

The complementary function 

“Cl +^ 2 -^ 3 ) 2 =c 1 x 2 ^ 3 +c 2 x 2 ^ 3 . 

= * 2 (Cj X V3 +C* X-' /3 ) 

and^Particular Integral 

=Sr=lD - FT • 2 sin z+ W=Id + f 


e - * . 


ra J ” z+ ? r '- 


( z • rae sin z ~Ci™W* sinz } + ¥ e " 


- ( 2 ^ 
{,.5+ 


• „ 2D— 6 . 

»£> “ (5— 6Z>) 8 sm Z 


5+6Z) 0 >r> 22) -6 • 

-61 sm 2+ II+eoI> sm 2 


} + T e - 

W e " 
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— e -a } „ (5 sin z-f- 6 cos z) , 54 sin z+382 cos z \ . I 

\ 61 ~ ^ 37 W J + 6 6 


=x -1 { log x (5 sin log x + 6 cos log jc)/6 J 

4- (54 sin log x-f 382 cos log x)/3721 + J } 

C. F . and P. I. together give the complete solution. 

EXERCISE VI (C) 

Solve : 

✓ 

1 . x‘-p!r+y= 3 *’. 

dx 2 

2. 4^+?*^+5y=x 5 . (Nagpur 1948) 


dx* 


dx 


ST x id /+5x d / + 4 y=xK 
dx dx 

4. # *»-*&+* y=* 

dx 2 dx 


x > *y-1x d -j>-*y=x'. 
dx 2 dx 

(x 2 D 2 +xD- 1) y=x m . 
(x 2 D 2 -3xD+4) y—x m 
( x 2 D 2 +2xD) y=log x. 


^1. 


v 8. 


11 


^12. 


v 13. 


f/x 8 </X 

*’ + 3*£-3,=A-. 

ax a ax 


x'-^+3x &+2$-*. 

d!x 8 fix* ax 


(/. 5. 1955) 

(/?ay. 1958, ^gra 1968, 1953) 

(Bombay 1936) 

(Nagpur 1961) 
(L. I. C. 1960 ; Agra 1946) 


“ -2 ■£«»£+'■ 


-4x. 


xb^V+Qx 2 d *y +8x^+2y=x 2 +3x 
dx? dx 8 ax 

v* I ov dy nn,, — ( v_i_ i 




(Nagpur 1953) 


14. x* — ' -f-2x 7-20^=(x+l)*. 
ax* ax 
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/ 

v 16. 


d*y 

dx* 


-3a:* 


^ +7x d /—8y=x‘+\ 
dx “ dx x 2 


( Nagpur 1968) 


x* &+2*» d X +* ! d ' y 


dx « 


dx 3 


<fr 2 


a: $-hy=At-|-log x. 
dx ( Mysore 1949) 


v 17. x' 


d y a. 


</a: 2 


a: -£+2j>=a: *°g *• ( Punjab 1952, Lucknow 1948) 


S 18. (a: 2 D 2 —3x £+5) y=x 2 sin (log x). ( Osmania 1960) 

r 10. (* J D'+Ox 3 D 3 +9x 3 D-+Zx D+l) >-= (1 + log x) 3 . 

21. (5+2x) 2 d ^ f -0 (5+2*) dy +Sy=0. 


21. (*+!)» -0 + (x+l) ^=(2x+3) (2x+4). 


CHAPTER VII 


EXACT DIFFERENTIAL EQUATIONS AND CERTAIN 
PARTICULAR FORMS OF EQUATIONS 



Definition. A differential equation of the form 


f( Any A n :'y 

J \ dx n ’ dx n ~ l ’ 



) = * (x) 



is said to be exact when it can be obtained by differentiating directly 
an equation of the next lower order of the form 


d el x n-i >- )=f*Lx)dx+c (2) 

y The-C^uation (2) is said to be a first integral of (1) 

7*2. Condition of exactness of a linear differential Equation. 
Consider the differential equation 

p ° J a£ +p ' d dA + (i) 

where P ot P lt ...... 9 P n are functions of x. Now we are to establish 

a certain relation between P's so that the equation may be exact. 
Let the successive derivatives be denoted by dashes i.e. 

P’, P\ P ( ">. 

Now we have on direct integration 
\^f*KJdx= fP n ydx 

d fdx=P n . 1 y- f ydx 


<Jj^ J d$ dx = p ~' t~fr -* fx dx 

=p— %- p, *-»y+ / P 'n-l ydx 

\ff£~*ff*d X =p „- 3 .^y p'fi—s d £+p".~* y 

-fP"„.,ydx 


<J0 DIFFERENTIAL EQUATIONS 

Thus term by term integration of the differential equation 

gives 

f (P u -P' n - 1 + P'n-*-P"n-3+ ) ydx 

+ )y+(.Pn-,-P'n-S+""'lf x 

+ (P„- 3 -i>'„- 1+ ...) ^-+...+p 0 ^= / * W dx+c 

Now the condition of being exact is evidently that there shall 
be no term remaining which involves an integral of y, and therefore 
the condition is 

P b -P' b -i+PV 2-P 0/ .- 3 + -H-l)"- 1 Po- 1 - 0 

When this condition is satisfied, the first integral is 

p d n ~ l y , /p p> \ d n ~*y ,/p __p> \p* \ 
p o ~dx n ~ l dx n_2 ^ 2 1 0 dx n ~ a 

+ ...+{ P^-ZVa-t- -+(- 1 ) n p o n ' l )y=f * ( *)dx+c 

Aliter.* If Equation (1) is an exact, let its first integral be 

Po £2 +*> £r + +*-' (x) y= I * dx+c 

where 4> lt <t > 2 , are functions of a:. ^ 

Differentiating it with respect to x and comparing it with (1), 
we get 

p lSSS p' 0 +* M P a =*'i+*a» P 3 =* a++3» 

P o-l == < P > n—H 1 > n-1 

where dashes denote the differentiation with respect to x. 

Out of these n equations, from first (n — 1) we get 

<h=Pi-P'o> 4>2 =P*-P\-Po' 

p m - pC , + p \.,-.. : - ■+ (« - 1 );- 1 Po "- 1 

Substituting the value of the derivatives of ^ n -\ f rom ttlc lasl 
equation in P „= <#>'„- 1 we get the required condition. 

Ex. 1. Solve : (1+x+x 2 ) ^- + (3+6*) *£+6^=0 

(^gru 1949, ’56, Jaipur 1950) 
Here P 0 = 1+x+x*, i\=3+6x, P a =6, P 3 =9- The condition 
of being exact is satisfied. Hence the equation is exact and on 
direct integration we get 

(1+x+x 2 ) jJ+^+ ix ) J x +2y=Cl 


•See The Maths . Seminar March 1959 Vol. I page 40. 
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The condition of being exact is again satisfied, hence it is also 
exact and integral is 

(l+x+x 2 ) ^+(l+2x) y=c x x+c,. 

The condition of being exact is again satisfied, hence it is also 
exact and its integral is 

(1 +x+x 2 ) y=Ci |-+c a x+c 3 . 

Ex. 2. Solve : 


(**-*) ^ +(8 * a - 3) % +14x s +4 '=l- 

( Agra 1946, Rajasthan 1949, 1959) 

Here P 0 =x 3 — x, P 1 = 8x 2 —3, P a =14x, P 3 = 4. Writing the 
condition of being exact 4 — 14 + 16 — 6=0. 

Hence the equation is exact. Integration gives 

(* a -*) 1&- + i - 5x *~ 2)d dx +4xy= -? +C - 

Again, on applying the condition of being exact 

4x— 10x+6x=0 ; 

hence it is also exact and its integral is 


(**-*) %+v xi - 1 ) + c > x + c > 

This equation is not exact, for 2x 2 — 1 — (3x 8 — 1) is not equal 
to zero ; but it is a linear equation of the first order i.e. 

dy, Zx'-l 1 . e, , c, 

dx x 3 — x x(x 3 — x) x 1 — 1 x 3 — x 

which on integration gives 

xy V(* a — l)=sec- 1 x+c, V(x 2 — l)+c a log [x+v/(x 2 — 1 )]+c 3 . 

• Ex. 3. Solve : 


d*y 
dx 8 


+ COS X 


d 2 y_ 
dx 2 


2 sin x^—y cos x=sin 2x 
dx 


(. Allahabad 1953, Agra 1957) 
It satisfies the condition of being exact i.e . 

— cos x+2 cos x — cos x=0. Hence it is exact. 
Integrating 


d 2 y 

dx 2 


+ COS X 


dy 

dx 


—y Sin x= — £ cos 2 x+c 


1 
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The equation is still exact. Hence integrating again 


dy 

dx 


+y cos x= — £ sin 2x+c x x+c 2 


This equation is linear. Hence integrating 
y eSm * i sin 2x . sin x dx+ J e sin x (c x x+c 2 ) dx+c a 

= ~\J sin x cos x e sm x dx+ J e sia x ( Cl x+c % ) dx+c s 

J sin x cos x e ain x dx~s in x e* lD x —Jcosx e* iD x 


Now 


dx 


=sin x e*—e 


sin x 


— sin x 


y e sin x =-\ (sin *-l) e sio * =| e 8iD * ( Cl x+c 2 ) dx+c { 

or y=~\ (sinx-l) + e“ s,DX fe s ' lDX (c 1 x+c 2 )dx+c 9 e 

7*3. Integrating Factors. If may be noticed here that in 
many cases P 0 , P lt , P H are either of the form ax 1 or sums of 

expressions of this form ; and x $ is an exact differential coeffi- 

dx r 

cient if s < r because on integrating it by parts we get 

* ^ ~ sx " 1 H^ +s ■££+ 

If the last term is (—1)* s ! y. 

Now if s is negative, fractional or an integer equal to or 
greater than r , the term x 1 will not be an exact differential 
coefficient because the condition of integrability contains r* h deriva- 
tive only of the coefficient of and in that case a term of the 

type x” will occur in the condition which for different terms may 
have different values and condition therefore may not be satisfied. 
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In such cases, however, if we multiply all the terms by x m and 
then applying the condition of integrability we may find a particular 
value of m to satisfy the condition. 


Ex. 4. Solve : y/x ^ +2x e 0--\-3y=x: 

ax 2 ax 


(Jaipur 1951) 


Here the condition of being exact is not satisfied. However 
we can make it exact by multiplying it by a factor x m for a particu- 
lar value of m. 

Multiplying by x m , we get 

x m+i/t <Py 4-2x m+1 ^+3 x m y=x m+1 
dx 2 dx 

Now the condition of being exact will be satisfied if 

3x”*-2 (m+1) x"M-(m+l) (m — \) Jc m “ 3/2 =0 
or — 2x m (w— J) + (w+i) (m— \) x m_3/2 =0 

which is satisfied if m = \. 

Now multiplying all the terms of the original equation by 
x l '\ we'gct 


d 2 y 


dy 


x 44 +2x*i*¥+Zx 11 * y=x*' 2 
dx 8 dx 


which is exact. Hence integrating 


or 


* ^ + (2* 8 '»-l) y=^. x 6 ' a + c x 
dx 5 

dy +( 2 x ll2 --)y=^r x* l2 +?± 


dx ’ V " x*' 5 

which is a linear equation of the first order. 

The integrating factor=e $ ^ x } dx =e* x ' xr l . 

Hence integrating 

y e*** 1 *. x-'= J x l l 2 e * x3, *dx+ J c x e** 3 '* x~ a dx+ 


+c x f e ix *'\ x- 2 dx+c>. 


Ex. 5. Solve : 2X 2 (x+l) d J^+x(7x+3) dy -3 y=x 2 . 

Here for some terms s—r= 1 and for some s—r— 0. Hence 
multiplying it by a factor x m , it becomes 
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2x'”+ ! (x+l) -0 +*”>+' (7 jc+3) ,=*««». 

Applying the condition of integrability 
— 3x m — 7 (m+ 2) *? +1 — 3 (/ m +1) 

+2 (ro+3) (w+2) *"» +1 -K/h 4-2) (m+1) x m =0 
which reduces to 

(«+ 2) (2m— 1) * m + x +(«+2) (2 /m— 1) x m =0 
which is satisfied if m=— 2 or if m=\. 

Thus multiplying first by at 2 , we have the exact equation 
2(, + 1 )^- + (7 + |)|-|, =1 
whose integral is 


2{x+1) Tx+( b+ t) j '-*+* 


dx \ x 

Again multiplying by \/*, we have the exact equation 
2 (*’' 2 +* 5 ' 2 ) * 2 y.+p x si*+3 X 3i* ) fy_ Z tfity =sX sii 


...( 1 ) 


whose integral is 

2* 5 /» (x-f 1) 




2* 3 ' 2 y=~f x™ + C 2 


...( 2 ) 


Now (1) and (2) are both linear and can easily be integrated. 
If we eliminate from (1) and (2), the integral comes as 

5 (x-fl) y= Cl x+Ca*~ s/ *-f t* 9 * 

Ex. 6. Solve : 

2x ' cosy -& _2j:I sin y ( £ >’ + * cof y %-fzi:X% 

Substituting x=e*, the equation is reduced to 
2 cos, ( ^ (^/sin ,+cos , (j^-sin >=2. 


or 


{2 cos, (-^)-2 sin,(^y|-(cos,^+sin ,].=2 


or 


{ 


e~ : 2 cos 


' (-S)-* 


dz 2 


sin >». e 


<$)■> 


— ^ e~' cos sin y er* 
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or 


{ e~ a - 2 cos y —2 sin y. e~* (^)*— 2e~* c°s^\ 




cos 


dz 


~e‘ z sin y j- —z e~* 


or 


2 cos * ( %)} + dz (<r ’ sin y)=z e ~' 


Integrating, e~‘. 2 cos >> sin y e _r 

dz 


= -* e-'-e-'+C! 


or 


2 cos ^^+sin j>= — z— 1 +c x e*. 

Again substituting sin >> = /, and therefore cos _y dy=dt, 

dt 


dz 


+ | t= — k z—h + l c x e a 


The equation is linear and integrating factor is e r ' 2 . 

t e’ ,a = / e*/*. \ z dz-\ f <rl 2 dz+\ c x f e*’** dz 
.*. sin y. e B,t =z e* n — 4 e ,/2 . + i c x e 32,2 +c 2 
or sin y=z — 4 e*+c 2 *r*' 2 =log a:— 4+c 3 x-\-c 2 /^/x. 

7 4 . Exactness of non-linear equations. 

For equations which are not linear there is no simple test for 
exactness. The method of integrating non-linear equations which 
are exact will be as follows. It may be noted that this method can 
as well be applied in integrating exact equations which are linear. 


Let us take the differential equation of n th order. As the 

equation is derived by differentiation merely it will contain in 

dx n 

the first degree. If it is not so, the equation is not exact. Suppose 
the equation is exact. 

Writing it in the form u = 0 integrate u dx assuming that d *~ X y 

dx n ~ 1 


were the only variable in the differential equation and -2. its 

dx n 

differential coefficient. 

Let the result be denoted by u x Then u dx— du x will con- 
tain differential coefficients upto degr ee at the utmost. 
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It may be; noted that in finding du x the restriction that * s 

the only variable is removed. 

Repeat the same process often as necessary. We shall 
ultimately get udx— du x — du 2 — =0. 

Therefore a first integral is i/ 1 4'« 2 +...=c. We shall illus- 
trate the process by solving examples. 

Ex. 7. Solve : x*y -X+( x d l-y )‘-3 > ! =0 

dx* ' dx ' 

( Agra 1948, ’54, *58, Jaipur 1948, *50, *58) 

We have x*y +x * (^^—2 xy 2y*=0 


x*y - will arise from differentiation of x*y Q 
dx 2 dx 

Put U!=x a y Q 

dx 

Now du x =[ 2 xy dx+x 2 ( ^ )* +x*y ] dx 

ndx—du x =(^ —4 xy 2y* ) dx. 

u 2 =- 2xy 2 f du 2 =( -4 xy ) ** 

u dx—du x —du 2 — 0 

••• 

Aliter. VVe may write the equation as 

[ ^ -S +'• ( S )’ + H £+** 1 


=0 


Integrating terms in the first bracket we get 


dx 


Integrating the terms in the 2nd bracket we get 2 y*x. 




</y 2 


• ^S- 2 ^= c - «* 


dx x 
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Putting y*=v and therefore 2 y the eq n is reduced to 

JL * or * where 2c=e t 

2 dx x x* dx x x* 

This equation is linear 


v xr*—~ Cl 




5 AT 5 

/. y* x+a x =a 9 x & . 

Ex. 8. Show that the following equation is exact and find its 
first integral. 

>+** %+*y (£?+( % ) d di =0 - {Agra ’ 37) 

Let us assume that the given equation is exact. Integrating 
the equation on the understanding that ^ is the only variable i. e. 
finding the quantity which when differentiated will give 


d 2 y 


( *’ +2 ' 2 1 ) *. 


we 




••• 

/. u dx—du x =[ y+x j x "\dx 

u t =xy , </u a = [ x j^+y ] dx. 

A u dx—du 1 — du 2 =0. 

Hence our assumption that the equation is exact is legitimate 
and the first integral is u x -\- u 2 =c. 


i. e. 


’■ ( t >■«• 


Aliter. We may also get the integral by grouping the terms 
as follows 

C- »• I t )• w 4+']-° 
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Therefore the first integral is 
Ex. 9. Show that the equation 

< E > S'” 1'+*) (£>‘+* £+>-» 


w exact and find its first integral . 
Writing it in the form 

d 8 ^ 


i'3 + *©l+[ *>■££+««<©] 


+t4>]-., 

we see that on direct integration the first integral is 

>*%+*(%)' +*y=<- 


dx 


Solve : 


EXERCISE VII (A) 




r 4?' + s * * + 2 - v = ° 


3. ■<■+*) 

7 

W 


2. >>»+«?* (^1+^)=^ 


14 * 0 + 6 *” + 8 * Q+2y=x*+3x- 

^ + (^- 3 )^+ 4 * $+ 2^=0 " 


dx 


Mgra 1963) 


{Nagpur 1963) 


{Allahabad 1962) 


'■*' -S+2e* ^+2e*v=^. 


dx 2 


dx 


(*'-*) +2 (2*+l) ^ +2>l =0. 

-1 


^S. (x a -x) 


d a >> 

dx« 


-2(^-1) *-4^=0.' 


US>.W) -g -* g+,=2. 
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(2x'+3x) + (fix+3) ^+2y= 

" ”%■ +- ( % )’+>■ £-■ 

^12. (o*— £**) +2by=x 


(*+/) <?*• 


Vi 


13. sin — cos x ^ +2j’ sin x=0. 

dx* dx 


( Rajasthan 1954) 


( Agra 1954, 1959) 


\/ 


Find the first integrals of : 


14. x a 



x 6 


d*y 

dx 8 


d*y 
dx 8 


+4x -0 + (x'+2)?£+3xy=2. 

[ Hint. Multiply all the terms by x ]. 


+ * 4 


-2 +’&+’-<«■ ■ 


(/Igrn 1932) 


i6. x> *y+4x* 4‘y. -fx (x 2 + 2) d -y +Zx 2 y=2x. ^ 


dx 3 


</* 2 


</* 


x^^y +3x 8 ^+(3— Gx) x 2 y=x 4 -f 2x-5. 
<7x 2 dx 

18. Find three independent integrals of 

d 3 y _ 


dx 3 





Shew that jt a +(2xy— 1) J'+x -^-+* 2 4nr=° is an exa^t 

dx dx 2 r/* 8 

differential equation, and deduce a first integral. 


7*5. An equation in (he form =/(*)• 

The equationjean be directly integrated. The first integration 
• d n ^ x y f - 

£ 1VCS dx n ~ l ~ J f ^ w ^crc a x is an arbitrary constant. 

The second gives 

d n ~ 2 v [ f 

dx n ~ 2 J J f ^ {dx) z -\-a x x-\-a 2 

where a 9 is an arbitrary constant. 
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Integrating n times we get 

y= J J J fix) {dx) n +c x x n ~ x +c t x"-*+...+c m . 

where c^, c 2 , , c n are arbitrary constants. 

v/Ex. 10. Solve : =x e* {Allahabad 1942) 

ax 8 

Integrating, -^=x e x —e*+c 1 

ax* 

Integrating again, ^ =x e*— 2 e*+c x x-f Cg 

dx 

Therefore y=xe x — 3e x +%£-+c 2 x+c 8 . 

/ - 

vJEx. 11. Solve: —iL=x 2 sinx 

dx 2 

Integrating, ^=— X 2 cos x+2 J x cos x dx+c x 

= —x 2 cos x+2 x sin x+2 cos x+c x 
y= -x 2 sin x— 4 x cos x+6 sin x+c x X+c 8 


1 . 


Solve : 

d 2 y . . 

J =x+sin x. 


EXERCISE VII (B) 


dx ' 2 


2 . 


d 2 y _ 


x e x . 


i 3* COS 2 X= 1 

1 </x 2 


4. x 3 


^ _ 


, / 


dx 3 


1 . 


x 


5. 


<* 2 y _ a ^ 
rfx 2 x 


6 . 


d*y 
dx 3 


cosec 2 x=l 


7. ^ (**+a*)»“=* 8. x»^=logx. ^ 


I, . //2i> 

(X'6. Equation of the form -j ~—f (y)- 

Multiplying both sides by 2 ^ , the equation becomes 
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2 *y di ? =2 f(v) d ~y- 

dx dx* J Ky) dx ’ 
and on integration with respect to x we get 

d y a ~- 


( d £)'=* J fly) % dx = 2 j f(y) dy+Ci 


ot 


dy 


or 


j 


[2 ff{y) dy+crf'* 
dy 


= dx 


[2 / f{y) dy+cj 




^Ex. 12. Solve: =sec % y tan y, given that y = 0 and 


^r = 1 when x=0. 
dx 


Multiplying by 2 ^ we get 


2 d -£ =2 see 2 y tan y ^ . 

dx dx 2 ax 


and 


1. 


3. 


Integrating (^) = tan* >>+l=sec 2 ^, since when x=0, ^=0 

$=1, hence conatant=l. 
dx 

Therefore cos y dy=dx. 

Integrating again sin y=x-\-c t . 

Now, when x=0, y=0, hence c t =0. 


_V=sin -1 x. 


Solve : 


d*y 

W* 


r —y 


EXERCISE VII (C) 




d*y 

dx* 


—a*y= 0. 


4. 


d ' y , = 0 . 

dx 2 ^ 


{Nagpur 1958) 
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5. =y*—y ; given that ^=0 when y= 1. 


6- -^£=e av , 8 ivcn l ^ at ~=0,.y=0 when x=0 


7-7. An equation. which does not contain y directly. 


In such cases the order of equation may be depressed by 
assuming as a dependent variable the lowest differential coefficint 
which presents itself in the equation, Thus in the general equation 

d *y <*y x \_o 

dx' > ' 


/( 


ax n 


when we write Q=p and 1 ? 

dx dx 2 dx dx n dx”- 1 

the order of the equation is lowered and it takes the form 

which may possibly be solved for p. Suppose that we get 

W- 

a then y=/ F (x) dx+c. 


(Agra 1965) 


Substituting J X = P> we 8 et 



d £ +p+p, =° 


or 

d P _ d / 

1 P 

/>(!+/>’) V 

P 1 +/> a 

or 

logp-i log (1 +/>*) = 

-x+c 

or 

p 


VH-p» ClC 


or 

p*~ 



r ) dp*= 


—dx 
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1. 


3. 


5. 


or 


dy 

P=~, r= 


c , 


dx_ Vl-CjV 8 * 

*-^=-sio - 1 (c x e^)+c 2 . 

^E*.14. Solve': (!+*■) +l + ( * )*«0. (Agra 1957) 


Writing ^=/>, and 


dx 2 

'7T' the 
dx 


-JP-+ dx = 0 

1+P a 1+* 1 


equation is reduced 


to 


or 


or 


tan -1 p-f-tan -1 x= 

tan-* p+x 

- — /» nr 

1 —px 

— 1 2 u x 

r- *-x _ 

- 1 ( ' 

P l-x A 

\ 

• 

i 

II 

1+^ 2 

1+X.4 


or d= 


=tan c x 
1 —px 1 

+ l-^ a -l V 

1 +xA ' 


=A 


) 


° r y== ~~X x+ ~iT~ l ° g ( l + xA) + B 
= ~j *+( l+J 8 )log(l+^)4-5 

Writing c= — \JA t the integral is 

y=cx+{\-\-c 2 ) log (x—c)+c x . 

EXERCISE VII (D) 


Solve : 
d*y dy 

-a*~ x dx ^ 

4* +£=*». 

dx* dx 

* a + 6 #'=•!• 
dx* dx * dx 


&-v ,+ <&) 

- - 


2 


6. ^ — a* x 

d** x (a a — x a ) </* a (a a — ^*) * 
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/ 


7 . 1&~ +X % JraX=z{) ' 8 ‘ -i^r+x^—ax. 


d?' dx 


9. a: 


d*y . /d>\ 2 n IfT r ^ a ^-^e0 

d£ +x ( dx) dx =0 - 10 * *■»"* a? ^ 





dx* 


+ 


12. x 


d*y 

dx i 


:-+< 2 >- 


7*8. The Equations which do not contain x directly. In such 
cases p iB substitued for Then writing 

cPy _dp^dp dy dp J& +J ,/4\ , # *c. 

J..9 J.. J.. P //«’ z/v3 ^ ^ //l> / 


</x* </x dy dx r dy dx 3 

the equation of the type 

d n y 


ft a "l 

1 V dx' 


■tf)- 


dy 


is reduced to f ~jy^i * *P*y )— 

which being an equation of the (j n - l) th order between y and p may 
possibly be solved for p. Thus if we get 

then a solution of the original equation is 




Hkr*‘ 


V 




Ex. 15. Solve : y(l— log y)-^r +( 1 + 1 °g lO (^) 


dx- 

[Agra 1958) 


Writing and =p the equation is reduced to 


dy 

y (l— log y) p ^-Hl+log y ) p*= 0 
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i.e. 


d P_ d+log y)dy 

p y (i°g y—i) 


Now writing log>;=/ and therefore ^ =dt on the R. H. S., 
the equation becomes 

i-iH -< >* 

Integrating log/> = /+2 log (f-l)+const. 

= log .y-f-log (log y — 1)*-|- const. 


or 


or 


p=z % =c i ^(log^-l) 1 


dy 


y(\ogy-\) 


z rnr*^ dx 


or 


log y — 1 


or log y — 1 == 


=Ci x+c. 


1 



c i x c t a* x-\- a 


2 


.16. Solve: d £ log 


dx 

Substituting p for dy and p for St the 

<** ^ dy dx * * 

comes /> ^R—R-= y log 


equation be- 


Now putting p’=v and therefore p g=l * , thil becomes 

dv 2v 0 . 
dy~~~y log 

This is a linear equation and integrating we get 

log* y+c x y * 


or 


p =%r yy/ ,og * y+Ci 
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Now if wc substitute log y=t the equation becomes 

dt , 

=dx 


V' t*+c x 


si 


or log (/+V^ , +c 1 )=x+log c 2 

or / + \/< a +Ci=c 2 e x 

whence t 2 -\-c x =t % -\-c£ e 2x —2 1 c 2 e* 

/\ or f=log y=A e z -\-B e~ x . 

y/Ex. 17 . Solve : ( d £)~y -g=n {( d £j 

and =p *2 , the equation becomes 
' dx dx* dy 


■n 


/ 


K- 


pt ~ yp J v =n { pi+a ' p *(ty)*y'‘ 


or p=y ( lP+n 
. dy 


V 1+flt V3p. 

This is Clairaut’s form ; hence the solution is 


(&' 


or 


p=cy-\-n y/l+a* c a 

dy , 

cy+ny/ i+fl» c a ” * 


or — log { 1+a 2 c a }=x4-<*i 


or cy+/i\/ 1+a 2 c a =c a e 8z . 



EXERCISE VII (E) 



Solve : 



! *• 

/ 

I 

1 

^ +, ^=0. ^ 
dx a ^ fix 

i: » s- +® 

2 

» =1. 

1 " 3 * 

1 

| 

d^y_/dy )* + dy =0 
y dx* W ^ dx 

* S-+ ! S+‘ (2)‘-° 

V 

I 

v 5. 

d*y /^\ 9 

</x a W 

6- l+<g)’+J- 

r 

V. 

• 

o 

11 


- (*>•}' -d> 


2 


* 
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7*9. The equation of the form / ( ( ^- , - " ly , x ) 

y 'dx n dx*~ l ' 

where differential coefficients differ in order by 1. 

In such cases if we write q= , the equation is reduced 


to 




which may be integrated for q, being an equation of the first order 
between q and x. 

Thus if q=JTl? r ~F(x) 

we can find the value of y by the method of successive integration 

Ex. 18. Solve : * ^+^=0. 

dx % dx 

Writing the given equation becomes 

x%+q=0 or 

dx q x 


/ 


giving qx—c 1 or dy= — dx 

% 

y=c i log x+c 8 . 

EXERCISE VII (F) 



Solve : 



✓ 

1. 

cPy dy ^ 

a dx* dx ' 

2. 

a <<»>- <*>■ 
dx* * • 

^3. 

^ d 2 >; _ „ 

4. 

8 -©'+*• - 

^ 5. 

■ 8 - V 1+ <?«>' 

6. 

8 -«• O’ 

^ 7. 

■■ m-'*®'- 

^ 8. 

8 +<£>'+-»• 
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7*10. The equation of the form / ( A* ^ x \ = n 

> dx n ’ dx n ~ * / 

nhen differential coefficients differ in order by 2 

In such cases if we write q=^L_J- , the equation 
reduced to 

from which q may be found. Thus if 

sin-2y 

= f W. 

we can 6nd the value of by the method of successive integration. 

Ex. 19. Sofre : _ a * =0 . 

ax* dx x 

Writing ^-=0, it reduces to 


d*q 

dx % 


—a* <7=0 


On integration, q=c sinh ( ax+c a ) 


Ex. 20. Solve 


dy 

= sinh ( ax+c 2 )+c 3 

y={c/a 2 ) cosh (flX + C a )+C 3 A + C 4 
y=c x cosh *+c 4 . 

4 " + 4 ^ =* «» 3 *- 


Substituting A—JL^q, the equation becomes 

+9=8 cos 3* 
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Integrating 



d n ~ 2 v 

^,, 2 = C 1 cos x + c i 8in -X — COS 3x. 


Integrating n — 2 times this gives 


y=Oi «os x-f-a 2 sin x— 


3 


n-2 


cos {3x— l7r (n—2)} 


+a 3 * n - 3 + +a„_! Jt+n. 

EXERCISE VII (G*) 

Solve : 


✓ 



7*11. Homogeneous Equations. 


In chapter II we have considered equations of first order and 
first degree which are homogeneous. In chapter VI homogeneous 
linear equations were dealt with. Now we shall consider the 
general case of homogeneous equations. 


If y is of n dimensions and x of one dimension, then 


dy 

dx 


is of 


d i v 

n — 1 dimensions, — - a is of n — 2 dimensions and so on. 

When all the terms of a differential equation are of the same 
dimensions , it is called a homogeneous equation. 

In such cases suitable transformations are made to lower the 
order of the equations. 

Case I. If x, y both be of one dimension. • In such cases we 
substitute y=xz and x=e d . Therefore 


d J=z+x *=*+*. * . 
dx dx do dx dd 


and d%y — d ( z + — \=/ d2 Lu- dz \ „ 
dx 2 dx \ do ' ' do 2 dt) ' 


-o 


, and so on. 
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On substitution the equation will be reduced into one between 
z and 0. The equation being homogeneous will contain the same 
index of 0 in the exponential for each term of the equation and this 
factor, therefore may be cancelled. The resulting equation will be 
of a class already discussed. 

Ex. 21. Sake: * £-( >-$ )\ 

Making the substitutions given above, we have 
d 2 z dz \ 3 

d0 r ~^d0 \ do ' 

If we put ^-=v, then the equation becomes 
do 


S —' (1+vJ) 

On integration we get 


V(l+v 2 ) 


=c x e 


-8 


or dz= 


c x e 


-0 


1-cSe- 2 *) 


dd. 


Integrating z= — sin -1 ( c x e 0 
or y=— x sin -1 (c 1 /x)+c 2 x. 

Case II. If y is of n dimensions and x of one. In such cases 
we substitute 


b 

x—e 


, y=x n z= 


nQ 

z e 




z+x n 


dz dd 
d$ ' dx 


- -£H 2 +*"-'> ><-■>- 

and so on. 

In this case also every term of the resulting differential 
_ equation will contain ihe same index of o in the exponential and 
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already discussed. 

Ex. 22. Solve : x ~^r + 2 faT*' ( ^x ) A ~ y% 

It is a homogeneous equation if y is considered of -1 dimen- 
sion and x of one. Clearly *£ is of -2 dimensions and -g- is of 
— 3 dimensions. Therefore first term is of -2 dimensions and 


0 

similarly others. Here we substitute x=e , y=x~ l z = ze 


and 


therefore 


and 


dy = ( d* z ) e“ 26 . 

dx ' do ' 

( — 3 ^?+2z) <?“ 3 ° 

\ d6* dd ' 


d*y , 

</x* ‘ 

The equation is reduced to 

*/*z .... »\ 


^ +f2z _n *_( dz y =0 
"^0* c/0 ' do ' 


uz 

Now put d =q 
the equation becomes 


rfz j d*z _ dq 

=Q and — 5- = ? ^ 


dq 

dz 


7_t-(*?z-l)-?=0 


or 


dz 


2z. 


It is a linear equation .nd its integral is 

= / Z (l-2z) dz+c x 


q e 


or 


or 


0=l+2z + Ci e* 

Aa dz 

d *~\+2z+c x e M 


whence 0 


= f 

7 1+2 z-J 


+ 2z+c l e* 


+c 2 . 
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EXERCISE VII (H) 


Solve : 


1 -■zH'-g) * 

7. gl + ( * )'• 


1. 

3. 

5. 

7. 


Solve : 

Ja = e v 

^3 =>’2 
>’ 3 = sin 2 * 


Miscellaneous Exercise on Chapter VII 




(*+* 8 ) >'a+3^ 1 + - y=0 


8. -fly.-fl +*«)«/* 


2. j> 2 -f0 2 .v=O w 

4. ^Lei±1=0____ 

6 . 78 = (« 7)/ 5 
Mgra 1953) 

9. sin 8 =cos 


J 


11. (1 — x ) _y 2 — x>> 1 = 2 (/4gra 1952) 

cf 3 - v T J ’ 2 l _ ° 2 13 w+to , +« , **)*»=.K 1 » 

14. Show that the equation 

( - VS - 4V) 5 + 18 * &+•>-• 


inexact and solve it. 

■ ; 


(/. A. S. 1952) 


Lx 



CHAPTER VIII 


LINEAR EQUATIONS OF SECOND ORDER 


8 1. In this chapter we shall consider linear equations of 
second order of the form 

g+ p %+Qy-*. 0) 

where P t Q and R are functions of x. 

No general method of solving such equations can be given. 
However we shall consider some particular cases in which the 
integral can be found. Suffixes, as usual, will be used to denote 
d ifTrrentiations. 

8*2. Complete solution in terms of a known integral belonging 
to the complementary function. If an integral included in the 
complementary function of a second order linear differential 
equation be known its order can be depressed and the complete 
solution can be found. 

Let y = u be an integral in the complementary function of (1). 
Put y=uv so that }\=u l v + v,w and y % =u. 1 v-\-2u l V| + wv 2 . 

Substituting these values of y, Ti and y 2 in (l), we get 

mv 2 + (2w, + Pm) v, + (m 2 +^«i + 0w) v=R (2) 

The coefficient of v vanishes since y—u is a solution of 

>’2 + ^>'i + £?y = 0. 

Thus (2) becomes 

„ !+ ( 2 « 1 + p) v _£. 

This is a linear equation in v x . Hence v x can be determined ; 
and then 

y=u f v x dx+c x u 

is the integral of equation (1), the other constant of integration 
will occur in the expression for v,. Thus we get the complete 
primitive. 

Note. Sometimes t j complementary function can be found bv inspection, 
if the following rules are o rved. 

/ y=x is a part of C. F. ifp+Q x = 0, 

/ y— e x is a part of C. F. 1 +/ > +£?=0, 

/ y=e ax Is apart of C. F. //l+/»/a+(?/<i 2 =0, 

/ y=e~ x Is a part of C. F. if'-p+Q= 0. 
y=x l is a part of C. F. if 2+: Px+Q *2=0. 
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\sitx. 


r 

x ‘ 1 Solve: x ^t-V x -')$~+(x-l)y=0. 

(Agra 1955, A lid. ’58) 

Here, the sum of the coefficients being zero, e* is obviously 
a solution of the given equation. 


Substituting y=v e *, ^=v e* 

dx dx 

and ^= veI+2 s v+ ^- e ’ 


dv 


in the equation, it becomes 



* £+;*- o. 

dx* dx 

This is exact, hence integrating 

y dv_ dv c v 

x d*~ c 1 or 3i = r 

Therefore v= Cl log x+c 2 . 
Hence complete solution is 

y=v ( Cl log x+c t ). 


Ex. 2. Solve : sin 2 x — ^~—2v 

dx 2 

1956, 1962, Jaipur *49, *52, ’53) 

Here ^=cot .y is a solution of _2j» cosec 2 x=0. 

Substituting ;>=v cot * and therefore 

dy =cot x p- v cosec* x 


</.Y 




»nd -Si = cot .r ^ -2 coscc* .v g+2 costc* x cot *, 


dx 2 dx 

the original equation pecomes 

d 2 v 2 


dv 


dx 2 


sin .y cos x dx 


=0. 


Substituting p for p this becomes 

OX . . 
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dp_ 2 

dx sin a: cos x 
or *?= 2dx 


P = 0 


p sin x cos x 

Integrating log />= 2 log tan * + log c, 


whence 


dv . 

P=^- = <h tan 2 x=c x (sec 2 a:— 1 ) 



and 


Therefore v=c t tan v— c x Ar-fc a . 

Hence the complete solution is 

y=v cot x=c 1 —c l x cot x+c t cot a:. 

3. Solve : (1-x 2 ) +* fy— y = x 

(/. /I. S' 1951, Jaipur 1951, Punjab 1956) 
Here y=x is obviously a solution of the equation 

<>--> -& 

Substituting y—vx and therefore Q 

dx 

d*y _ v <Pv 9 dv 

dx * 


v+x*> 

dx 


the original equation becomes 


v/ 


</a:* 




Substituting for this becomes 

dx 




This is linear and the integrating factor is * 2 /(l 
Therefore /? 


-AT 2 )’/*, 


2 


** 1 . . 

V(l-x 2 ) 3~* +Cl 


dv 

dx 


1 


=_ xV v ~rr^ 


or p 


122 


DIFFERENTIAL EQUATIONS 


l, ^/£.l 

\i'H 


Integrating again we easily get 

v=_i (l_^2)3/2 +Ci ( sin -i 

# 

Hence the complete solution is 

=VX=— l x (1— * i ) 8/, +c 1 x (sin- 1 x+y/T -^)+ c 2 x . 


* Solve : 


ui/»rc • a 

-(**+») 1+^= >+iK(; 


{Agra 1947, 1952 J 


Here y=e 2x is a solution of the equation 
(x+2) ^--(2x+5) |+2,=0. 
Substituting y=v e 1 * and therefore , 


d J. = ( 5 l ’+2v ) e** and — +4 ^+4v ) e «" 

rf* V </* / rfx 2 Wx* 1 / * 


the original equation becomes 


(*+*)4S- + {2x+Z) j£=(*+l) 


</x 2 




Substituting p for this becomes 

d PA_ {?x+Z)_ p= (*+l) e~ x 


dx ' x+2 


x+2 



This is a linear equation and the integrating factor is 

e 2x (x+2) -1 . 

Therefore p e Zx (x+2)- J = J" e* dx+c x 

-*+•■ • 

or p=^=e-*+c l e~ Zx (x+2) 

Integrating again v= — e~ x —\ c x (2x+5) e-^+c^ 

Hencpthe complete solution is 

' y=v e Zx =-e*-\ c x (2x+5) + c, e 2 *. 

Ex. 5 Solve: — cot x -?—( l — cotx)y=e x sinx ^ 

* dx {Jaipur, mi) 


*Can also be done easily by the method of Art. 8 5. 
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Hence the sum of the coefficients being zero, e* 
a solution of the given equation. 

Substituting y=v e *, we get 


is obviously 


-j>+ (2-cot *) •£— *" AT. 


dv 


Let < ^=p then the equation is 


dp 

dx 


4- (2 — cot x) p = sin x 


Integrating factor of this linear equation is 
<? /(2— cot x) dx __^2.r— log sin x e tx 


sin x 


,1m 


= f e 2 * dx-\-c l 


sin x 

or p= l sin x + c 1 e~ Sx sin x 

v= — ^cosx-fc! J e~ 2x sin xdx+c 


2 

= — i cos x-£ *-*» (cos x+2 sin x)+c 2 ' 

The complete primitive is 

y=rrTf= — f e* cos x-, 1 c x e— (cos *+2 sin x)4-c 2 e*. 

'Ex. 6. Solve : (x sin *4- coy x) -x cos x^+y cos x=0 y 

of which y=x is a solution. (Agra 1942 , 1949) 

Substituting x for y in the given equation we get 





d 2 v 2x sin x4-2 cos x—x 2 cos x dv 


- — 4- 
dx* ^ 


x 2 sin x+x cos x 


dx 


= 0 . 


c 


dv 


Substituting p for ~ y this becomes 

dx 

dp 2 (x sin x 4-cos x) — x* c os x 
dx x (x sin x4-cos x) P 


0 


or 


dp . / 2 
dx 


+( 


X COS X 


or 


dp 


-Kf- 


x sin x4-cos x 
x cos x 


x sin x4-cos x 


; )*=° 


) dx~0. 
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Integrating, 


px* 


X sin x+cos x 




dv „ / 
or p=~c{ 


•in x , cos x 

T* 


> 


- < - 


dx ' x 
Integrating again 

dx — ?? ? - * - / Mn ~* </x )+c a =^i X_1 cos x + c * 
x . x J x / 

Hencft the complete integral is 
y=vx=c x cos x+c t x. 

d*y . / . . 2 



Ex. 7. Solve : 


dx* 


+ (H~ '0t*-4)j-= 


x cos x, 


given that - w a C F. 


(/. 5. 1952) 


o .. V sin x dy v t sin x , / 

Substituting >- = — , v +v \ 


x cos x— sinx 


, d*v d*v sin x , n dv / cos x sin x \ 

and -=4=-— — +-tA-z *» ) 


) 


dx * da* x 


+»( 


sin x 2 cos x , 2 sin x 

■"T 


x x* 

the given equation reduces to 

- d j ? ¥ + 2 ( cot x- i ) — =x® cot x. 
dx* \ x t dx 


) 


y 




Putting it becomes 

dx 


$+2 f cot x -i ) q=x* cot x. 
dx ' x ' 


sin* x 


The equation is linear and the integrating factor is ^ 


sin* x 


or 


dv 

dx 


— J | sin 2x dx+c x 

=— J cos 2x+Ci=— 1+i s * n * *+ c i 

= -£ x t coscc* x+i x*+.+Cj x* cosec* x 
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v=fc * 8 -r(Ci — i) [ ~x* cot x-f-2x log sin x — 2 f log sin xdx ] -f c % 

Complete primitive is y= V Sin - ^ > where v is the expre- 


ssion given above. 


EXERCISE VIII (A) 


Solve : 


Z' 




1. 


dx » ^dx + y 


( Agra 1949) 




2. x-^t-{3+x) J j' x +3y=0. 3. x + (,1-x) ^y+e-. 


dx* 


- / ' 4 - (x+l)-p -2 (x+3)Q + (x+6 )y=e*. 

dx* ax 

/ 

^ 5 - ( 3 -*) -p -( 9 - 4 *) ^ + ( 6 - 3 *) y= 0 . 


MijP ai tumm — 

6 l « +' 


7. 


_ 

dx* 


( Nagpur 1953) 


{Allahabad 1953) 

P, -%+xy- 0 . 

dx 


^8. x*>p+x* p>--2x*! + 2y=0. 

dx* dx * dx 


- / 9. 


a: 2 — (x a +2x) ^-Hx+2) >>=** e*, of which y=x is a 

ax* 


solution. 


(*4gra 1950, 1954) 


u* 


^y.—ax ^4 -a* (*— 1) =0, of which y=e am is a solution. 

dx 3 ax 


[2 x*—a) 0 ** ^-h 0 x.y=O, w ^‘ c ^ >>=x is a solution. 


8*3. Rem oval o f the first derivative. ^ Normal form. 

If an integral included in the complementary function is not 
obvious by inspection or can not be determined easily, it is some* 
times useful to reduce (1) Art. 8*1 to the normal form in which the 
term,containing the first derivative is missing. To do so we put 
y=uv, proceeding as in Art. 8*1, we get 

v, + ( 2 p+P ) ». + ( ~f+~- + Q ) v=* - 



(3) 



126 


DIFFERENTIAL EQUATIONS 


Let us choose u from the relation — L-fP=0. 

u 

u=e~i f Pdx . 

The equation (3) becomes. 


d 2 y 
dx * 


+/v=S, 


(4) 


where 


*1=0. 1 d %- i P‘ and S=R e* f Pdx 

2 dx 4 

If the value of / is a constant or a constant divided by x * 
equation (4) becomes readily integrable. 

d^v * 

v=S is said to be the normal form of equation (1). 
yEx. 8. Solve : V 


\ 


* 2 dx* ~ 2 ^+(-x*+2jc+2) y= 0. (Agra 1967) 

The equation may be written in the form 

Here P=-2 ( 1 + -I ), Q=l+J +4 J and hence 

N x ' xx a 

u= e -t f Pdx =e f( l + l /x ) ^ x+logx x ' 



xe 

l=Q—\ pi =0- 

Hence the transformed equation is 

d 2 v n dv . 

- 5 ^ = 0 or a -* x or v= Cl *+r a 

Therefore the general solution of the given equation is 
y=u v=x e* (q x+c 2 )=e* (c t x 8 +c a x). 


Ex. 9. Solve: x , u ( x dy -y )-2x? y +2y+x* y=0. 


d 

dx 


(Rajasthan 1967) 


•Students should memorise the values ot 1 and S. 
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On simplification the equation can be put in the form 

ffV __ 2 1+ _ 9 

x 




Here P= — — Q= 1 J and hence 

x x * 

W = e“* / ^-x 

and I=Q —\ — £ P 2 =l 

ax * 

Hence the transformed equation is 
d^v 

~d x i + v=0 whence v=c x cos x-f c a sin x 

y = X {c x cos x-\-c 2 sin x) is the complete primitive, 
x. 10. Solve : 

d% y . 1 dy,/ _1 _ 1 _ ft \ __ 

dx 2 x ll9 dx~ r \ 4x 2 /® 6 jc 4/ * x 2 / ■ y—u# 

{Allahabad 1942, /mpur 1951) 
Here />=x * , 0 = * /j} - * ^ . an(J hcnce 




j** - 


3 v a/a 


and 


u=e 

/== J 1 _ 6 1 1 _ 

4x 2 ' a 6 x 4/a x 2 6 x 4 ' 8 ~ 

Hence the transformed equation is 


1 _l 
4 X 2 ' a 


6 

x* 


d 2 v Gf . 

- , , — = 0 or 

ax 2 x 2 




This is a homogeneous linear equation and its solution is 

v=c x x*+c % x- 2 . 


Hence the complete primitive is 

y=uv=e * ( Cl x a +c a 'x- 2 ). ^ 

x* 11. Solve : ( cos 2 xj^)-f>> cos 2 x=0 

On simplification the above equation becomes ^ 1953) 
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Here P——2 tan x, Q=l 

a=e -i /**_„*. 

/=2-i -i i”=2. 

Reduced equation is 
<Pv 


dx 1 


+2v=0 



Solution is v=c 1 cos xy/'Z J rc t sin x \/2. 

=uv= sec x (Ci cos x V2+ C a s * n * V%) 

x. 12. Solve the equation : 

$ 4-(4x*-l) >>=—3 e* 2x. 
dx 2 d!x 

1933, 1941, 1950, 1955 ; Luck . 1951, 1956 ; 7.^.5. 1966) 

Here P=-4x, g=4x*-l ; 

. -i / itfx f 2xdx__x* 

hence u—e J =t J — e 

l=Q-\ -J P*=4*»-l-i (— 4)-i . 16x*-l. 

Hence the transformed equation is 

_^* v -f-v=— 3 e x sin 2x 3 sin 2x. 

dx* 


The solution of this equation is 

v=c 1 cos x+c a sin x -fain 2x. 

Hence the complete primitive is 

y=vu=e x { c x cos x4-Cj sin x4*sm 2x). 
EXERCISE VIII (B) 



Solve : 


1. 

|£+4*! + 4*»,=0 

(. Agra 1953) 

I 

2. 

-S +1 %+■• 

{Agra 1935) 

3. 


{Agra 1949, Luck. 1951) 
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4% -2bx +6* * 2 y = 0 
* dx 


dx 


2bx 

dx * dx 


S 6. 

A 


d z y 


4*> + 4** ^+(.x»-r6*«+4) y=0 

x 2 4i + (*— 4x a J ^ + (1 — 2x+4.v , j ^=0 


<*x* 


dx 


8 . 


9 . 


v<L 


f 

12 . 


13 

14 . 


-2 tan * ^+5 _y=sec * . e» 

-^-2,an*g- (a * + l) ,=0. 


£ K £+< »^),=0 






*^T +2n cot n* /i*) _>/=o. 

*’ ^- 2nx j^+W+n+a* x')y=0 

A&r-^TR+^'-V y=‘ X 

Jr 


( Agra 1956) 


{Luck. 1949) 


{Agra 1961) 


4** 


{Nagpur 1961) 

8-C Change of the Independent Variable. Another method 
whiefi sometimes is very useful in transforming the equation in an 
tntegrable form is that of changing the independent variable. 

Let the linear equation of second order be 

& *' !>0-* 

v " i - 

Since * 

dx dz dx' 
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, d*y d ( dy dz\_d (dydz\ dz = cPy / dz\ 2 ±dy 

and dx % dx'dzdx' dz'dzdx' dx dz 8 'dx' dz dx % 

the original equation becomes 

/ dz x 2 d'y / £z+pd*) dy +Qy=R 
\ dx ) Tz » dx 2 dx ) dz™ 


or 


where 


% f+Pl % +Ql y= Rl 

d 2 z , p dz 
D _ <fc 2 dx n 

* 1 — r . o > \ll 


( 2 ) 


R 


( 


dz \ 2 
dx' 


^ — 5 - and Ri= . • 

TdZY (*)- 

\dx ) K dx' 


Pi,, P x are functions of x as shown above but can be 
readily expressed as functions of z by the given relation between 
z and x. 

If by equating — -M — 5 - to a constant quantity- we find that 

P r also becomes constant then equation (2) is at once integrable. 
Since z is quite arbitrary, it may therefore be chosen to satisfy any 
assignable condition. Thus we may choose z to make the coefficient 


of 


d^L vanish ; hence if we put P x = 0 or -^~ a -\-P 0 


d 2 z , n dz 


i.e. z 


-f 


-fPdx 


dx. 


and the value of Q x comes out to be a constant or a constant divi- 
ded by z 8 then equation (2) becomes integrable. If Q x is (r t then 


a ^=VQ az 

dx 


=fvQ 


dx 


^XEx. 13. Solve : —(8 e 2 *+2) ^ 


jj. 

Putting -.- = 2 e 2x i.e. z=e ix and 44 =4 e 2 ", the equation 
6 dx dx 8 

becomes 

d 2 y _<dy + , , 

~dz' *dz +y - l2 ‘ 
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Complementary function is c, e 3 ) z -{-c t e l 2 ^ 3 ) z , 

1 


and particular integral=£ 


z = \ (z+4). 


1-4 D-\-D 2 

Hence the solution is 

y=c x e (2+v ^> e **+c 2 e (2 ~ v 3 > e * x + i e'* + l 

Vjrf. 14. SWve : ^ * ^4-4y cosec 2 * = 0. 

^ — . fliX , — AX _ _ '"•* — - 

{Raj. I960, I A S. 1951, 1959 ; Punjab 1957, Agra 1951, ’55) 

Let us choose z such that ( ^ \ =4 cosec 2 x , so that 

' dx ' 

dz=2 cosec x dx or z=2 log tan $x. 

Hence by changing the independent variable from x to z, the 
equation becomes 

a 

Integrating it we get 

y=A cos (z+B). 

Hence the solution of the given equation is 

y=A cos (2 log tan \x+B). 


/ 



dx 2 dx 




. , ( Allahabad 1949, Agra 1953) 

The equation may be written in the form 

d 2 y ,3 dy a' 1 . 

' ~ I a «• 


dx 2 


x dx x 6 x 8 


Let us choose z such that ( dzs ) =2— 

' dx ' 


or 


dz= a 
dx x 1 


or z= — 


2* 1 


Here R,~ 


R _ 1 1 2z 

(< fe /</*) 2 x 8 * a * a 3 * 

Change of the variable from * to z will now give 


d% y 

</* 2 ^ 


a 
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Here C. F. is c x cos z-f c a sin z—c x cos a/( 2at 2 )-|-c 2 sin a/(2x*) t 
and 1*./.-^ (-**)—£«-*>* 

-- 2 z-_l / _ a \- 1 

* fl* a 3 \ 2**,/ a 2 * 2 ' 

cos [fl/(2 a: 2 ;]+c 2 sin [n/(2 **)]+l/(fl 2 a; 2 ). 



x. 16. So/ve : x^?-— e ty—4x 3 y=8x?sin &. 

ax d x , (Agra 1934, Jaipur 1952) 


The equation may be written in the form 

-jSr — - i y — 4 .v 2 < y=8 a: 2 sin x*. 
</* 2 xdx 


V 


Find z such th^t ( ^*=4 * ! 


Here R ± = 


dz \ 2 
dx 

or dz= 2 or z=at 2 , 
/? 8 r* sin x * ' 


=2 sin * 2 =2 sin z. 


[dz/dxy 4 
Change of the variable from x to z will now give 


,=2 


dz* 


sin z. 


Here C.F.=c x e +c 8 e z =c x e x% +c 2 e x * 
and p.I=~- i L_ (2 sin z) = — sin z=— sin x 2 


/ •*. ^=c, /* +c 2 e x * 


—sin at*. 

dy 


V . Ex. 17. So/ve : -j--; coj x+-/ sin x—2 y cos* x=2 cos * x . v/ 

** ** (4*ra 1960) 

Dividing by cos x, the equation becomes 

A l +tan x ~^-2y cos 2 at = 2 cos 4 x. 

Find z such that ( ^~ ) =cos 2 x or dz=cos x dx or z=sin x. 


/ 


Here R,=R ( * V* - 2 cos4 * 


c/a:/ 


= 2 cos 2 x=2 (1— z*). 


cos 2 ,v 
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Change of the variable form xto: will now give 

d 2 )> n ,, o /I 


dx * 


— 2 y=2 (l-z 2 ). 


Here C. F. = c, e V2 z +c t e V2 Z 

y/2 sin x —V2 sin x 

= c i e + c t e 

* nd Pr =D^2 2{l - Z ' ] 

= — \ (1 + J D*) {2 (1 — z 2 )} = z 2 =sin 8 x. 
Hence the complete solution is 


+2 sin x 


— y/2 sin x 


4-sin 2 x. 

Ex. 18. Solve: ( l+x) $ ~^ + ( 1 + x )~y+y=4: cos log (1 +x) 

(Agra 1950, Puniab ’54) 
Dividing by (l 4-*) a > the equation becomes 

d*y_ _i_ _i d J+_l_ v — _1__ 4 cos log (14-x) 

dx* ^l+xdx^il+x)* y ( 14 -*) a cos og 


Find z such that ( \ = or dz= ^ x K — 

' dx ' (1+x)* 1 +x 

or z=log (\+x). 

ft _ R _ { l/(14-x) a } 4 cos log (1+x) 

1 / dz \* 1/U+*) 2 

' dJc ' 

= 4 cos log (iq_ x ) = 4 cos 2 ^ * 

Change of the variable from x to z will now give 

1if* +y=i cos z - 

Here C. l\ = c l cos (z4-a) = c 1 cos { log (l+x)+a }, 

and P. / = 2z sin z = 2 log (14-*) sin { log (1+x) } 

Hence solution is y=c , cos { log (l-+-x)+a } 

+ 2 log (l+x) sin { log (1+x) } 


Solve : 


EXERCISE VIII (C) 


+d Jx Un X+y COb2 * =0 * 


1. 
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'i. +i_ *+ ^ =n . 

dx 2 x dx x A 

3- (x'-x] + d £+n> x* >.=0. 

/ dx 2 dx 

y / cot x V sin 2 .Y=0. 


[Alld. 1942, 1956) 


[Agra 1960) 


dx 2 


dx 


y 6’ sin 2 x -f sin x cos x ^+i’=0. 

dx- dx 


'd- 0+-VT y +2.V (I +**) |'+4.V 


= 0 . 


[Rajasthan 1955) 


[Mysore 1949) 


1961) 


8 . 


d*v 



dx 






9. 


w 


d 2 y 
~dx 2 


iy 

dx 





f 



8*5. Solntion by Factorisaion of the Operator. If the left 
hand side of a linear equation of the second order be put in the 
form of/ (/)) v, then it is sometimes convenient to factorise/ (Z)) 
in the form/ [D) f x [D) y such that when/ ( D ) operates upon_y 
and then /, (D) operates upon the result of operation, we get the 
same result as if / [D) operates upon y. 

Of course it is only in special cases that the operator can be 
factorised. It should be noted that in most cases these factors are 
not commutative as they contain variables and therefore must be 
written in the right order. 

The following examples will illustrate the method. 

Ex. 19. Solve I * P< + (x-l)^ -y=x\ 

dx 2 dx 

[Agra 1950, Luck. 1961) 

The equation may be written as 

{*/>*+(*- 1) Z>-l}j>=* 2 , 

where D stands for the operator ^ . 

dx 
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Using symbolic factors it becomes 

(xD- 1) (D + t) y = x z - 

f We can not write it as (£> + l) (xD—\) > , ==- x * 

1 (£>-H) (xD-\)y=[ x£> 2 + (x + l) D-l ] 

Let (Z) + l) y=v, then (1) becomes 


( 1 ) 


dv 


(xD—l) v=x 2 or -- -v=x, 

which on integration gives v=x 2 + c, x. 

Substituting this value of v in (D-fl) y = v , it becomes 

(£>+l) y=x 2 +c x x 


or 


< b+y=x*+c 1 x 
ax 


which on integration gives 

y=x l -\-c , (x — 1)+C 2 « • 

Ex. 20. Solve : 3x* +(2+6x-6x>) ^-4j-=0. 

The equation may be written as 

{ 3** Z) 2 + (2 + Gx-6x 2 ) D-i } >> = 0. 

Factorising we can write it as 

(D — 2) (3x a Z>+2) >>=0 

r We cannot write it as (3x 2 Z)+2) (D— 2) >> = 0 f° r 
1 (3x 2 Z>-f 2) (£> — 2) y = (3x* Z) 2 -Hx 2 £)-f2D 

Let (3x a £> + 2) >»=v. 

Therefore (1) becomes 

(D-2) v=0 v = Ci c 2 *. 

Substituting this value of v in (2) 


( 1 ) 

— 4) y ] 
( 2 ) 


which on integration gives 

y e"* / 3 *— c a +C! / e - */ 3 * e 2 *. 


>-=02 c 2,3 * + c 1 c 2 ' 3 * J 

EXERCISE VIII (D) 


3x 2 


1 


dx 


e 2 *- 9 ' 3 *- - 3x ? dx. 


1 . 


Solve : 

3x* +(2-6x J ) — 4y=0. 

r/x 2 dx 


1 
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differential EQUATION* 





/ 




2 ' * ^ + (^- 2 )|-2,=*> 


(/• A. S. 1957) 


3. 


4. 


x ' d - Z -+j-( l +x t )y=e-‘. 


dx 2 


(x+2) 


d 2 v 


dx 2 


( 2 *+ 6 ) ^+2j>=(*-f-l) e*. 




'this method of findi^gTh^om plef^nri^V^’ N ° w shaH "plain 
tary function is known P P Imitive w ^ en the complemen- 

w " “ r ^^r - • « — ■ 

* arc constants^and^n a^V v\re I fi?nct?oni^j^ UnCt ' 0n ^ a " d 
Let us assume that 
. y=Au+Bv 

tants but funaion^of^ t^be ^ sochos^ *th n ° I<>ngCr COns ' 

be satisfied. be 50 choscn that the equation (1) will 

Differentiating ( 2 ) we get 

N i yi ==Au i+BVi-\-uA 1 +vB l 

satisfy two conditions*^ ScTfar f “ n< ; t,0ns A an< ? B can be made to 
known. [ This can brnhta* i° n y ? n ® re,atl0n between them is 

we may Choose the other TcL^n ^ “ (1) 1 Thus 

Let it be given by elation according to our convenience. 

uAj + vB^O, f3) 

SO that y^AUi+BVi. L 

Differentiating (4) W 

Substituting for , '* + * 

hypothecs. COCfficient otA wil| bc u^Pu 1+ Qu which is zero by 

Similarly the coefficient of B is zero. 

Therefore (1) will reduce to 

u i A i+v, B X =R. 

From (3) and (6) we get 


Ai = J l 

V — U 


~R 


u Vj-W, v 
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Thus A x = — — — and B v = — ~ R 

u v 1 ~u l v u v l — u 1 v 

We then get A and B by integration. 

Let A=f (x)+a 
B=4> {x)+b 

y=uf{x) + v<t>(x)-\-au+bv i 

The above method cao be extended to linear equations of any 

order. 

Let us consider 


«> 

Let y=u, y=v, y=w be the solutions of the given equation 

when £=0. 

Let y=Au+Bv+Cw, ( 5 ) 

where A, B, and C are no longer constants but functions of x 

to be so chosen that (5) may satisfy (4). Differentiating 

y x =Au l +Bv l + Cw 1 +uA l + vB l -\-wC x . 

We can now choose two relations according to our conve- 
nience between three unknown functions A , B, C as they can be 
made to satisfy three conditions, only one of which is given. 

Let us assume as one of the relations 

Ki4 l +vJ 1 + M'C 1 =0. (6) 

y 1 =Au l +Bv 1 -t-Cw l ( 7 ) 

Differentiating y 2 =Au 2 -\~Bu 2 -\-Cw 2t taking for second relation 

u x ^i + Vi tfi + H-i Cj = 0 (8) 

Also y 3 =A u.i + Bv 2 + Cw 2 -\-u 2 A 1 -\-v 2 ^ + C, 

Substituting for y, y lt y 2 and y 3 in (6) we get 

u 2 A x -\-v 2 B, + w 2 C X = S (9) 

Solving (0), (8) and (9) we get A lt B l and C x which by inte- 
gration will give A, B and C. 

As the solution is obtained by varying the arbitrary constants 

of the complementary function the above method is known as variation 
of parameters. 

We have previously seen that a linear equation of the second 
order may be solved completely when one integral belonging to the 
complementary function has been found. There is, no doubt, the 
superior efficiency of this method over that of the variation of 
parameters, as latter requires a complete knowledge of the comple- 
mentary function instead of only one part of it. Besides that if 
this method is applied to equations of the third or higher orders, it 

requires too much labour to solve a number of simultaneous 
equations. 
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Ex. 21. Solve : 


cPy 
dx * 


4 cPy—sec ax. 


} {Nagpur 1961, Agra 1945, 1952, 1961 Alld. 1949, Raj. *50, 52) 

\ Particular solutions of the equation when the right-hand 
member is zero are «=cos ax and v=sin ax. 

Let the primitive be 

y=A cos ax-\-B sin ax 
Two equations to connect A and B are 

uAx+yB^ 0 and u t A x -\rV\ B X = R 

Therefore A x cos ax+B x sin ax = 0 
and — A x a sin ax+B x a cos ax = sec ax 

Solving (1) and (2) 

A x = -(1 fa) tan ax and 2?, = (1/a) 

Therefore A = C-\- (1/a 2 ) log cos ax and B=(x/a)+D 

The primitive is therefore 

= C cos o*-f-(l/a a ) cos ax. log (cos ax)+D sin ax+(x/a) sin ax 


...( 1 ) 

...( 2 ) 




Solve : 




( Agra 1935, 1943, 1960 ; / A. S. 1954) 
Arranging in the standard form, this is 

-£l+_L h - 1 v=e»- 

dx 2 ^ X dx X 2 } 

Particular solutions of the equation when the right-hand 
member is zero are u~x and v=x~ 1 . 

Let the primitive be 

y= Ax+Bx- 1 . 


Two equations to connect A and B are 

Aj x-f -B t x~ l =0 


and 


A *—kr B i= e ° 


...( 1 ) 

..•( 2 ) 


Solving (1) and (2) e*, whence A = $ e*+a 

and 5 X = — 1 e*. x 2 , whence B— — \ e* x 2 -\-x e*—e*+b. 

Hence the complete primiiive is 




y=$x e*+a x—h e ■ x+e*—e x xr x +b X' 1 . 
=a x-\-b x-'+e*—^ x~ l . 


Ex. 23. Solve : x 4 (1+x) ^+2 (1+x) ji=x*, 

% r dx 2 dx 

the integrals in the complementary function are y=x, y=x e 2 *. 

(, Jaipur 1955, Agra 1957) 
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Rearranging this as 

&-7< l+ *& + h‘ l+x '>- x 


Let the primitive be 

y=Ax+Bx e 2 *. 

Two equations to connect A and B are 

A x x+x e* x B x =0 t 
and ^ + (1 + 2*) e ix B x = x. 


Solving these two equations 

A x = — whence A = — \x-\-a; 
and B x — \e- ir t whence r 2l +6. 

Hence the primitive is 


y=Ax-\rBx e ix 

= (_ix +fl ) x +(-i e~ 2x +b) x e'* 
or 2y= ( — x+2a— i +2b e 2z ) x 
=(-x+C+D e 1 *) x. 

Ex. 24. Solve : + (l-cot x) d £-y cot x=sin*x. 



V 1 

Let th<*left hand side equated 


(, Jaipur 1966, 1958) 
to zero be solved. 


Obviously y=e~ x is a solution of it. 

Let y=v e~ x . Then the is equation is reduced to 


jfir— ( , + c ‘ > * *> 



which on integration gives 

c x v= — \e x (cos x — sin x)-f c t 
y—vy x — A (cos x — sin x)+Be~* 


The C F. of the given equation is 

y=A (cos x — sin x)+Be ~ * 

Two equations to connect A and B are 

A x (cos x- sin x) + B X e~*=0 ...(l) 

and A t ( — sin x— cos x) — B x e~*=sin 2 x ...(2) 

Solving (1) and (2) A x = — \ sin x whence A = l cos x-\-c x 
and #i=i e* sin 2x—\ e x (1 — cos 2x) 

whence 2?= — 7 *„ e* (2 cos 2x— sin 2x) — \ e* 

— Vo (—2 sin 2x— cos 2x)-\-c 2 

Complete solution is 
y=A (cos x— sin x)-\-B e~ x 
= c x (cos x— sin x) — r l fj (sin 2 2x— 2 cos 2 at)+c 2 e~*. 


V ■' 
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r '* * ,j ^ 

Ex 25. Solve: y 3 —fy 2 +Uyi—$y=e ix . {Agra 1939, 1902) 

< Particular solutions of the equation when the right hand xiiem- 
ber is zero are u=e x i v=e 2 *, w=e**. 6 

Let the primitive be * , 

y=A e*+B e**+C e**. 

Three equations to connect A, B and C are 

e* Aj.+e** B x +e 3 * C x = 0, 
e* A x +2e** B x +‘6 C x =0 
e* A x -\~4 e* x 2^+0 e ** C x — e 2 *. 

From (1) and (2) 


’ll 


1. 

\ 

3. 

4. 


■/ 


— v£ 


7. 

8. 


...( 2 ) 

...(3) 


A i - , B i _ C x 
e 6 * —2e 4a ~~Z& 


A (say) 


Substituting the values of A lf B x , C x in (3) 


I'd/. 


i 


e**=X {e*'-Se**+9e**) = x 2?* 

Hence A = 4 e 4 * 

. A i = h e*> — C x =\e~ w 

Integrating A=\ e*+a, B=-x+b*C—\ tr*+c 

The complete primitive, therefore is 

y= \ e* x -\-a e x —x e tx 4-be u — le* x 4-ce** 

=a e T -\-b e 2x -j-c e 3x —x e 

EXERCISE VIII (E) 

Solve the following bytbe method of variation of parameters i 

-+-y= x 2 d*y 

dx% x : 2- -J xi +y= cosec x. 


Sr'-t 1 -*)*- 


yt+4y= 4 tan 2x 

[ Complementary function is y=A e x -\-Bx ]. 
d** ^ 1+e* 

[ Complementary function is y=A e x 4-B 

(Jaip 


( Agra 1049) 
C Agra 1949, 1954) 




(4?ra 1950) 


i ! i v -2 w~T ~~ ( f t $ , y= ' X ' “ (™P« r 1953, 194Q1 

* / 2 / 1+ , x j JFl + 2 (1+ *' > , = - 4 ^ 3 * 1930) 

^ (a:- 1) (.y a -x+l). •' " 


{Agra 1945, Jaipur 1949) 

, r. t ( f 

fail rn 8 7nlt^ ynOP r S * If lhe r ? cthods 8* vcn in tbc previous chapters 

^ 7‘ nC * r cc l uat,on of second order and we have to 
resort to methods given in this chapter the following procedure is 
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First of all put the equation in the form 


d 2 y 

dx* 


+ P d / x +Qy=R- 



(a) Then try to find by inspection or by easy calculation an 
integral belonging to the complementary function of the 
given equation ; then use Art. 8*2. 

( b ) If it is not possible to proceed as in (a), find the value 



dP 

dx 



If it is a constant or a constant 


divided by .x 2 the Normal form of the equation will be 
easily integrable and hence also the original equation. 

(c) If the methods given in Art. 8 *2 and 8 3 are not applicable 
the method of change of independent variable may be 
tried. It will be of advantage to remember the values of 
P x% Q lt R x as given in Art. 8 - 4 especially the value of z 
which makes P 1 = 0. 

2. In a few special cases the method of factorisation will 
easily effect the integration. It must be carefully noted that factors 
are not commutative on account of the presence of variables. In 
this case we proceed straightaway without putting the equation in 
the standard form ( A ). 

3. Method of variation of parameters is to be used if ins- 
tructed to do so. 


Miscellaneous Exercise on Chapter VIII 


1. Solve x % y 


d*y . /_ dy 
dx 


+(* t~ y > -*• 


( Agra 1938) 


[ It is not a linear equation but can be solved with the help of 
Art. 8’1 ; y=x is a solution of the equation. Substituting 

,=v,. *-,+,* and _ 2 * +* 

dx dx dx 2 dx dx 2 

the equation becomes 2xv ~-+2x ( ') 2 +4v =0 

ax* \ dx / dx 

* • » dv 

It is an exact equation, hence integrating 2xv -f 

we get xv*e*cx x+c 9 . This is still exact y*=c x x*+c 2 x J. 

2. Solve the equations : 


.t d*y __ 


dy 


(i) * a d^~ 2x (1 +* } dx +2 (H-*> ( A * ra ’ 56 > ’ 59 ) 
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(«) '«+*) ^ - 2 * ^+ 2 *=° 
wS"li + (- ,+ 4r)>-° 

(i») -^ +2 x^+(x’+1)j'=*M-3a : 

( v) (*»-*») -£'*+*, -0 

w v </x a x dx a 


(vi) 

(v/7) 

(vi») 


*4 AX +2x 3 ^+«V=0 


</x a 


</x 


-v*\ 


(l-* 2 ) 


</x> 


a~y _ 


<*x (1 — a:*) 


0 


(2x-l) ^y- i d £+ (3-2*) >>=2e ; 


{Luck. 1956) 
(■^gra 1957) 


{Luck. 1955) 


‘M ^ 

tx) -^+2x^+(x*+5)x=xx _iJt ’ CxxX. '49, ’5i) 
3. Verify that (1— x a .) is a particular solution of the equation 

* (1-xV ^-+(i-x*) (l+3x») d £+ix (I+JC*) >>'=0 

and solve it completely. 

By the variation of parameters, solve completely the 
equation obtained by writing (1— x 2 ) 3 instead of zero on 
the right-hand-side of the given equation {Luck. ’56) 

4; Assuming that the primitive of 



is of the form y=u -\ — prove that it is give:i by 

JC 


u=A sin (x-f a), v=A cos (x+a) 
Obtain the primitive of 





{Agra 1938) 
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5. Solve the following differential equations : 

( i ) ( x 3 — 2 x 2 ) +" JC> ^- 1 ' 2 (*- 2 ) y = °- 

(. Nagpur 1953) 

(it) x ^ -2 (x+l)^+(x + 2) >« = (x-2) 


(lii'J x 


+x*-J-=0, given that x + — is an integral. 
dx 2 dx x 




^—9 >>=U, given that y=x* is 
dx 2 dx 


a solution. 


(v) (i—x 2 ) d ^—x %~ a * y =0 > °f which y=ce asm 1 * 
is an integral. (Agra 1938) 

( V /) x (x cos x-2 sin x) + (* a +2) Q sin a: 

— 2>» (* sin jc-hcos x)=0, given that y=x % is a solution. 

(vii) x ^L-Q+ix* y=x\ 
v dx 2 dx 

(vili) (x*— l)-^-(4x»-3x-6) ^+(4x*-8x-5) , 



given that ,y— 1, 


^=2 when x=0. 
dx 


('*) (*'- l 'l J £?+ x Tx =m,y - 

(*> d dx'- + ( 1- T ) Tx+ ix ' y (**+**) « -• 

(^gra 1937) 

(xi) x -^- + (**+1) j x +*xy=2x, given that y=> 2 and 


=0 when x=0. 
dx 


6. Solve the following by the method of variation of para- 
meters l 
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(0 (*+2) y>-( 2x+5) y 1 +2y={x+l) v: ' 

{Raj 1959 Nag. 1958, Agra 1947, ’62, *69) 
(«) C 1 -* 8 ) y%+xy l -y^x (l-**)»/* {Jaipur 1954) 

7. Show that if the two equations 

J y*+ Pyi+Qy=o> 

and 2 a +/>z 1 -f-^z =0 

reduce to the same Normal Form, they may be trans- 
formed into each other by the relation , i' * 

ye \ f Pdx =ze i f pdx, 

i.e. the condition of equivalence is that the Invariant / 
should be the same. 

8. If u and su are any two solutions of 

v a +/v=0, (1) 

Prove that ^L = — 2^ (2) 

•?1 u 


and hence that £i = -?Y S A. =2/ (3) 

^ 2 ' / 

From [2) show that if s is any solution of (3), si~ ll% 
and ss L ~ 112 are solutions of (1). 

9. Calculate the Invariant / of the equation 

* 2 *«-(**+ 2x) yi +{ x +2) y= 0. 

Taking s as the quotient of the two solutions X6* and 
x >_ verify that the relation (3) of Q. 8. is satisfied and that 

s i~ 1,i anc * ssi" in are solutions of the Normal Form of the 
original equation. 

10. If u and v are two solutions of 

y*+Pyi+Qy=0, 

prove that u v a - vw a -f P (tiVx —vu 1 )= 0, 

-f Pdx 


and hence show that 


uv 1 ~vu 1 =ae 



CHAPTER IX 


SIMULTANEOUS EQUATIONS 


91. We have considered so far only those differential equa- 
tions which contained two variables. Now we proceed to consider 
a few forms containing more than two variables. In such equations 
the simplest form is that which contains only one independent 
variable of which all other variables are functions. In this system 
the number of equations to connect these variables is always equal 
to the number of dependent variables. 

9*2. Simultaneous equations with constant coefficients. 

There are two methods to solve such equations : Let Jr, y be 
dependent variables and t be the independent variable. 

Symbolic Method— To solve the linear equations. 

f x {D)x+F y {D)y=T x% (1) 

h ( D ) x+F, (D) y=T it (2) 

where 7",, T. 0 are functions of the independent variable t y D stands for 

the operator.^ and F lt F 2 > are rational iotegral functions with 

at 

constant coefficients. 

Operating on both the sides of equation (1) with F t ( D ) and 
both the sides of equation (2) with F x (Z)), we get 

F t ( D)f x ( D ) x + F, (D) F x ( D ) y=F 2 (D) T x (3) 

F t ( D)f z {D) x + F x (£>) F 2 (D) y = F x {D> T 2 . (4) 

Since the functions F x and F t have only constants in their * 
coefficients, it follows that 

Ft ( D ) F x ( D)y=F l ( D ) F. z ( D ) y 

Hence subtracting (4) from (3) 

{ F 2 (£>)/, ( D)-F x ( D)ft ( D ) )x = F i ( D ) T x - F x ( D ) T t i 

This can be integrated to give the value of x by a method 
applicable to an ordinary single equation. Now the value of y can 
be obtained by substituting the value of x in either of the two given 
equations. If however, y is determined by an independent elimi- 
nation, as the case of x, the values of .v and y will have to be substi- 
tuted in equation (1) or (2) and the arbitrary constants in, say y , 
adjusted so that the equation may be satisfied. 
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( 1 ) 

( 2 ) 

I 

(3) 


(4) 


The following examples will make the process clear. 

/ Ex. 1. Solve : ^-2x-6y=0. 

( Agra 1947, 1968) 

Writing in the symbolic form, we have 

(Z> — 7) x+y= 0 
— 2 x+(D— 5) y= 0 

Operating both the sides of (1) by (D—5) we get 
(D- 5) (D— 7) X+ (D-6) ^=0. 

Subtracting (2) from (3) 

{ (D—5) (D-7)+2}x=0 
or (D 8 — 12 D+37) x=0 

and integrating, x=e il ( A cos t-\-B sin t) 

Differentiating (4), ^?=6 e*' (/4 cos t+B sin t) 

_|_ e «» (—A sin /+ D cos /) (5) 

Substituting these values in the first equation 

y=7x-Dx=e* 1 { (A-B) cos t+ (^+D) sin / }. 

Aliter. Having calculated x, we may calculate the value of 
y , as follows : 

Multiplying (1) by 2 and operating (2) by (D-7) we get 
2 (D-7) *+2y=0, —2 (D-7) x-f(D-7) (D—5) y=0. 

Eliminating x, we get 

[ (D-7) (D— 5)-b2 } y= 0 i.c. (D 8 — 12D+37) y— 0 
y=e 6 ‘ (c x cos /+ c 2 sin /) 

Substituting the value of y in (1) along with the value of x y 
[ ( c x —A+B ) cos t+(c 2 -A-B) sin / ]=0 

c 1 =A — B, c 2 = : A+B 
, /. y=(A—B) cos t+(A+B) sin /. 

/ Ex. 


dx 


=ax+by, dy =a 'x+b'y. 


(Agra 1961) 


These i quations can be expressed in symbolic form as 

(D—a) x—by = 0 •••(!) 

— a'x-\-(D-b') y = 0 — ( 2 ) 

In orde • to eliminate x we multiply (1) by a' and operate 
(2) by D—a. 

a’ (D—a) x—a , by = 0 

a' (D-a) x+(D-a) (D-b') y= 0. 
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or 

or 


Subtracting we get 

{ ( D-a ) ( D-b')+a'b } >-=0 
{ D 2 -(a+b') D+ab'+a b } y = 0 

p_ (q-i-/> / ) ± y/{a-\-b') % — *ab — lab 

2 

= * { (a+b') ±V(a-b‘)*-4a’b } 

=m with positive sign and n with negative sign (say) 
y=c l e mt -\-c 2 e nl , where m and n have the above values 

Now i' = c 1 me m ‘+c a ne nt . 
dt 


Substituting the values 


of y and 


dy 

dt 


in the second eq n we get 


dy 

dt 


— a’x—b'y=0 


or c t me mt -\-c 2 ne nt —b' (c 1 e mt +c 2 e nt ) = a’x 

or (m-b') c x e mt + (n-b') e n, = a'x 

x=(l/a‘) [ ( m-b ') c x e^+in-b') e"‘ ]. 

Thus we get the values of x and y in terms of m and n 

where m=\ { (a+lQ + v/C fl — b') 2 — 4a'b } 

and n=\ { {a+b')- y/ {a-b')*-4a'b } 

Method of Differentiation. Let the two given equations con- 
nect / with the four quantities x, y, and —J— . Differentia- 


ting them with respect to t , four equations containing x, y , 


dx 

dt 


dj t d*x_ anc j are obtained and from these four y t - 

and ~y are eliminated. In this way a i equation of the second 
dt * 

order, in which x is the dependent and t the independent variable is 
obtained. Solved example 3 given below will illustrate the method. 

3. Solve : J* +5x+y=e ( , ...(1) 




dy_ 

dt 


-x+3 y=e*‘. 


...( 2 ) 
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Differentiating equation (1) we have 

+5 


d*x , e dx , dy _ 


</r a 


A dt 


...( 3 ) 


Eliminating and ^ from (3) with the help of (1) and (2) 

at 


we have 


d*x 


^*+16x=4 e l -e u . 
at 2 u/ 


The C. F. is (cj-f c a t) e -4 * and the 
P. /.= 




(Z>+4) a 7 " (Z>+4)* 

= ? V e‘-A e 24 . 

Therefore .T=(Cj-f c 2 /) «?" 4< + 3 V 

and ^ = — 4 (d+c a 0 e" 4< + c a e" 4, +* «*-tt «**• 
at 




Substituting these values in (1) 

j>— — (cj+d+tfi 0 e_ll +W «**+*V 


Ex. 4. Solve : 




<// 2 ~ 

d 2 y 
dt 2 


— 3x— 4_y— 0, 


+^+>,=0. 


(,4gra 1956, 1962) 


Writing in the symbolic form ( i.e. D for , we have 

(D*-3) x-4y=0, •••(!) 

x+(D s +l)y=0. -(2) 

Operating both the sides of (1 ) by {D*+l) and multiplying 
both the sides of (2) by 4 we get 

(ZT- + 1) (D z - 3) x-4 (D*+l) >=0 ...(3) 

4*+ 4 (D 3 -*-l) y=0 ...(4) 


Adding (3) and (4) we get 

[(D»+l) t'D*— 3)+4] x=0 
i.e. (D*-l't 2 x = 0 

or \D- 1) 2 (D-fl) 2 x=0. 

(ci-rc 3 r) e*+(c 3 +d f) <r* 
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i4d 


Again ^=(c,+c,+Ci 0 «*— («»+ c * 1 -e t ) e ' 


and 


d\x 

dt* 


= (c 1 +2c a +c a 0 e'+iCt+Ci t- 2c 4 ) e"‘. 


Substituting these values in the first equation 


or 


v- $ -■> 

= (c,+ 2 c 9 4 -c 2 / — 3c, — 3c a f) e‘ 

■ l ^ 2 d~(c 3 + c 4 / — 2 c 4 — 3c a — 3c 4 /) e~* 

= (2c 1 -2c 1 -2c t t ) e t -(2c 3 +2tf 4 f+2c 4 ) <r‘ 

>»=| [(C 3 — Cj — c a r) e f — (c 8 -fc 4 f+c 4 ) * • 


5. Solve : ** +m'y=0 and ^ -m* x=0. 




Writing in the symbolic form, we have 

D*x+m* y=0 

— m 2 x+D l y— 0 . 


( Agra 1953) 


(1) 

12) 


Operating both the sides of (1) by D * and multiplying both 
sides of (2) by m*, we get 


D* x+m* D 2 >*=0 
— m A x + m* D l y= 0. 

Subtracting (4) from (3) 

(D i + ni i ) x=0 

or (/) 2 -\/2Dm + ™*) (D' + VZDm + m*) x=0. 
Hence x=e mly/2 ( c i cos ^- +c * sin mt 


• • • 


••(3) 

...(4) 


mt \ 
in \/2 ) 


+ .- ,W2 (^cos^ +c 4 sin-£) 


Differentiating twice and substituting the value of x in (l) 


sin ^--c, CO, ^L) 


V2 




— rnl/y/ 2 


/• m/ \ 

( c 4 cos — g c 3 sin -- r ). 


V2 
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v/i 


u* 


3 S+ 7 l +8x+24 ^ e *‘ 


Writing in the symbolic form, v 

(4D+11) x+(92M-31) y=e‘, v ....(l) 

(3Z>-}-8) x-H7£+24) y=e*‘ . - . * (2) 

Operating both the sides of (l) by (7Z>-f-24) and both the 
sides of (2) by (9Z)-f 31), we get 

(7D+24) (4Z)-fH) *-f('7£-f24) (9Z)+31) >»=(72)-f 24) (3) 

(92)+31) (3Z)+8) x+(9Z)+3l) (7D+24) .y=(9i)+31) e 8 ' (4) 

Subtracting (4) from (3) 1 

(£ a +8Z>+16) x=7 <?'+24 e‘-f 18 e*‘+3l e*‘ 
or (Z>-f4, 8 ;t=31 e'+49 e 2/ 

C. /'’• = (c 1 4-C2 t) e~ a 

and /> • / • = -^W 31e ' + ■(W 49e, ' 

a l i 4 ®p 2 l 

Hence x^Cj+c, /) 

/ Similarly the value of y can be obtained. 

• Ex. 7. Solve : t dx={t-2x) dt, t dy=(tx+ty+2x-t) dt. 

^ Adding these two equations - (Bombay 1961) 

t dx+t dy=(tx+ty) dt 
or dx+dy=(x+y) dt 

or **±± =d,. 
x+y 

Integrating log ( x +y)=t -f constant or x+y=be‘ (3) 

Equation (1) gives /* ~+2t x=t* 

at 

or t* x=£ / s +c 

*=i t+ct~*. (4) 

Equations (3) and (4) give the values of x and y. ' 


y 


(3) 


(4) 


Ex. 8. Solve : 


dx, 2 . . 

Tt + 7 


(i) 


Pi <*+«-'■ 


( 2 ) 

( Lucknow 1951) 
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Differentiating (1) with respect to f we get 

d*x , - dx „ dy_. 

t ~dpr+ Z 3F" 2 dt 

Eliminating y and d £ in (1), (2) and (3) we easily get 

/ ^+12 — =2f+6 

dt 1 • dt t 

or +8/^f+12x=2/*+6r. 

dr- dt 

This is a homogeneous linear equation. Putting 

t=e e , ~=D t we get 
dz 

f D ID— 1)+8I>+12 ] x=2e 2t -\-Qe t 
or (D*+7£>+12) x=2e 2 ‘+6e' 

C. F. is / e. /Jr 4 **/" 8 . 

Fnr P / x= 1 (2e**+6e*) where D= d j- 

For P. x ^ +4j (Z)+3) V ^ j dz 

= e ia /154-3eV10=r , /15+3r/10 
x=yir 4 +^r 8 -f/*/15+3//10 

Substituting these values in (1), we get 

y =-At-*-h fir s +2r 8 /l6-//20. 

Ex. 9. Solve : ^-ny+mz= 0, 

af 

nx+ < Q—lz= 0, 
af 

-mx+/>-+^=0. 

We have 

Dx—ny+mz=0, nx+Dy—lz=0 and -mx-\-ly+Dz= 

Solving the first two we get 

nl-mD and . z 

D z -\-n z D*+w* 

Substituting these in the third, we get 



^+(/*+m*+«*) £-« 
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or = — A: 2 p, where A: 2 - /*+w*+w 8 and p=~ 

at 

■ dz 

s ^ n kt+B cos kt 

or z= - (A/k) cos */+ (B/k) sin it/ 

= c 2 cos kt+c z sin it/. 

Similarly we get * 

x=a x cos kt+a 2 sin kt and y=b x cos kt-\-b 2 sin kt. 

,7 hc consrants a u b Xi c l% etc. are not independent. Substr- 
ing these values of*, y , z in the given equations, we get 

{a t~ n h + r Cl ) T k '+ ( ^ c -~ a ’ k ~"bs) sin kt+{mc 3 ~nb,)=0. 
\na x +b z k lc x ) cos kt+[na 2 - b x k—lc 2 ) sin kt-\- {na 3 — lc 3 )=0. 

and 

(-ma x + lb x +c 2 k) cos kt+(-,na 2 + lb 2 -c x k) sin kt+(/b 3 -mn 3 )=0. 

Equating the coefficients of cos kt, sin kt to zero, we get 

a — (wcj — nb t ) ,/<7 2 = (na x — lc x )/b 2 = [lb x - nw, ) /c 2 ( 1 ) 

= (mc 2 - nb z )/a x = f na % - lc 2 )/b x =(lb.- ma 2 )/c x = . 0 

a il~\~b x m-)- c x n 

ai ;.*** a i l + b im+c x n= 0 . ( 2 ) 

Also lb 3 ~ma 3 =()=na 3 -lc 3 =mc 3 ~nb 3 giving 

ajl=bjm=c 3 /n. fo\ 

(1), (2), (3) give the relations between the constants a x , b x , c x etc ‘ 


* S+' ?+* 


^+y+r J =a 2 . 


( 1 ) 


tcgratfng we r gc. mUltiplyine ^ '* adding and in- 

/*+ my +nz= const =6 v'(/ a +m 2 +n 2 ) (say). 


</x . 


( 2 ) 


We shall now express ™ in terms of functions of x. To do 
so we have 

(W-mr)*= n V+m’2*-2m»i j, 2 = („,»+„*) ( y + 2 *)_( m ^ +nz)11 

= (m ! +n ! i V?+S+S'j-i, }* 

= (m 2 +n 2 ;(r/ 2 -5 2 )-[./« +w * +n * * 


( ^7 ) =(w 8 +«*) (a*~b*)-(kx-bl) 2 . 


-2lbxVP+m 2 +n*+b* / a ] 
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Differentiating (1) with respect to t we get 
, d % x , - dx 9 dy_, 

‘-dpr +Z Tt dt 

Eliminating y and d £ in (1), (2) and (3) we easily get 

t ** 4-8 ^5+12 — =2r-f 6 

dt 1 • dt t 

or t 2 4*? +8/^+12x=2r* + 6 r. 

This is a homogeneous linear equation. Putting 

f=e% ~j z = D > wc 8 et 

r £> (D — 1) -\-SD + l2 ] x=2e 2 *-\-Qe t 
or (£>*+7£>+12) x=2e 2 *+6e‘ 

• A . — At I Dn-3l I /) 


(3) 


C. F. is + i e. Ar*+Br*. 

1 


For P. /., *= 


_</ 


(2e**+6e*) where t=e ' 



(D+4j (Z> + 3) 

= e 2# /16+3eV10=r*/15+3r/10 
/. x=i4r 4 +*r*-W B /16+3//lo 

Substituting these values in (1), we get 

— ylr 4 — * Fr*+2l*/l5-f/20. 

Ex. 9. Solve : ny+/wz=0, 

nx+^j — lz=0, 
at 


(i) 


( 2 ) 


-mx\ly\ d ~^= 0. 

We have 

£>*_ ny4-mz=0, nx+Dy—lz = 0 and — mx-Wy+Pz 
Solving the first two we get 

w/ - m f . z and . z 

' n* n* 


= 0 


X — 


£>*+n* ’ ” ' Z)*+w 1 

Substituting these in the third, we get 

|L + (,. +m *+ n *) £ =0 


(3) 
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dx dx 


= 0. 


dt 


+x=0 


[Jaipur 1952, 1955) 
[Lucknow 1954) 


✓ 14. ■? r ^—\-4x+y=t e 3 ', -S^-+y— 2x=cos*f. 



dJx 
dt * 


dt 2 


' £+«£+*-°.J+4>-£. 


(£><?//» 1959) 


d *= d J= dz where 

* y z 

Jf=ax+5y-f cz+</, y=fl' x-f 5' >’+c' z+d' 

Z=a" x+*' y+c' z+d' [Jaipur 1957) 

/r ^=mn ( y—z ), /n/ ^=n/ (*— *)» ^ ^=/»* (*— >0* 

£ Hint. Putting lx=X, my= Y, nz=Z , t=e T t we get 
*£—=nY-mZ, ~J f =IZ-nX, ^-=mX-IY. ] 


...( 1 ) 


9 3. Simultaneous equations of the form . 

P Q R 

Let us consider the equations of the type 

dx_dy_ dz 
P~Q~R 

where P, Q , P are the functions of x, y, z. 

Method of; Solution. The following suggestions will give us 
suitable method of solution : 

1 . By equating, two of the three members of (1) we may be 
able to get an equation in only two variables. Sometimes such an 
equation is obtained after cancellation of some factor from the 
equation. The solution of this gives us one of the relations in the 
general solution of (1). This method may be repeated to give ano- 
ther relation with the L help of two other members. The two rela- 
tions, so found, give the complete solution of (1). [ See solved 

example 10 ]. 
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2. If one of the relations is known, or say found by the 
method given in (1) above, we may be able to use this in ex- 
pressing one variable in terms of the others This may help us in 
getting an equation in two variables and thus enable us to get 
another relation. [ See solved example 11 ]. 

3. We may be able to find .'^multipliers /, m, n and L, M , N 
such that one of the equations 

dx_dy _ dz ldx+mdy-\-ndz __ Ldx-\- Md y + Ndz 
r~~Q~ 7F ~ IP+mQ+nR LP+AfQ+NR 

can be easily integrated. (The numerators are differentials of the 
denominators or else the denominators are zero and numerators 
are exact differentials. Sometimes only one set of multipliers may 
serve our purpose). [See solved examples 12 and 13 ]. 

Any combination of the methods given above will help us in 
getting two independent relations between the variables, each con- 
taining an arbitrary constant. Hence we get the general solution 

of (1). 

9*4. Simultaneous Equations in a different form. If the equa- 
tions are given in the form 

Pi dx\Q x dy+Ri dz= 0, 

P z dx+Qt dy+R 2 dz= 0, 

where the coefficients are functions of x , y, z they can be solved, 
by taking one of the variables, say x, as the independent variable 

for ^ and ^ Z . Solving’these we get 
dx dx 


dy R\ Pj — P\ R% dz __ Pi Q 2 P 2 Qi 

dx Qi Ri — Qz P\ dx Qi R 2 Q 2 R\ 


whence 


dx _ 

QiRi Q2R1 


d y = dz 
R 1 P t -RiP l PiQT^pTQi ’ 


which is of the form 


dx _dy dz 
P ~Q~ R ' 


already discussed. 

V Ex. 10. Solve : 


dx dy dz 

yz zx xy 


Taking first two members 

x dx=y dy 


and its integral is 


( 1 ) 
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Taking last two members 

y dy=z dz 

and its integral is y 2 — z 2 =c- 

(1) and (2) constitute the complete integral. 

^ ai . dx dy dz 

y x z 

Taking first two members of the given equation we get on 
integration x 2 -y i =c v 

Taking last two members eliminating X with the help o ( ) 
the equation involving dy and dz becomes 

dy = dz 
Viy 2 + C i ) 1 * 

and the integral of this is 

logf>’+v / (>‘*+c 1 )] = log 2 +c 

which on simplification becomes 

y+\ / {y 2 +c l )=c i z. M 

The integrals [\ ) and (2) from the complete integral of the 

set of equations. 

Fl 12 Solve • dy r = (Roj. m») 

Ex. 12. OO/V . mz _ tl y nx—lz ly—mx 

By using x, y , z as'the multipliers each of these fractions is 
equal to 

x dx+y dy+z dz 
0 

whence x dx+y dy+z dz=0. 

Integrating x*+y*+z*=c 1 . -W 

Again using /, m, n as the multipliers each of these fractions 
is equal to 

/ dx+m dy+n dz 
0 

whence / dx+m dy+n dz= 0. 

Integrating lx+my+nx=c v 

Equations (1) and (2) constitute the complete solutions of the 
given equations. 

Ex. 13. Solve : 

dx __ dy = dz 
z ix-rV) r (x-y) x*+y* 



(Agra 1937) 
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Using A', — y> — z as multipliers each fraction 

_ x dy—ydy—zdz 
0 

Therefore, xdx—ydy—zdz= 0. 
Integrating, x z — y~~z z = c x . 

Usings, x, —z as multipliers, each fraction 

_ ydx+xdy — zdz 
0 

Therefore ydx+xdy— zdz = 0. 

Integrating^ 2 xy—z z = c s . 

(1) and J*>fconstitute the complete integral. 

adx _ bdy _ cdz 


( 1 ) 



( 2 ) 


x. 14. Solve : 


(b— c) yz ( c—a ) zx ( a—b i xy 

(Raj. 1951, Nagpur 1961) 
Using x, y t z as multipliers each fraction 

_ax dx-\-by dy + cz dz 

0 

Therefore ax dx-\-by dy-\-cz dz=i). 

Integrating ap z -\-by z -\-cz z =c l . ( 1 ) 

Similarly using ax t by , cz as multipliers 

arx dx-\-b z y dy + c 2 z dt = 0. 

Integrating a z x z +b z y z -\-c 2 z z =c i . (2) 

(1) and (2)^brm the complete integral. 



Taking first two equations the integral is 

x-\-y=c. 

Using this relation in last two, we get 

, — zdz 

giving y=—\ log (2*4-C*) + ?i 

whence z z +c z =A e~ 2v i.e. z 2 + (y+x)*=A e~ ,v 

(1) and (2) gjy^<Tre*"complete integral. 


(1) 



( 2 ) 


i 16. Solve : ' /jc =^ = 


dz 


xy y* zxy—2x 2 
I’he firs* two equations give x=av 


(Agra 1959) 


( 1 ) 
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Taking 6rst and third equations 

dx_ dz 
y ~ zy— lx 

With the help of (1) it reduces to 

dz i.e. 

y zy—2ay z—2a 

Integrating, x=log {z-2a)-\-b 

x=\og(z-2xly)+b (2 

Hence (I) and (2) give thecomplete solution. 

dx dv dz 

7 * S ° Ve: x (y-z) = y ( z-x)~z [x^y) 

Each of the fractions ^. dx-^dy+ d z ^ 

whence x-\-y-\-z=a. 0 

Using 1 lx, l/y , 1 jz as multipliers, each of these fractions 

dxlx+dyly-\-dzlz 
' 0 ’ 

whence log x -\- log y + log z= constant. 

i.e. xyz=b, 

(1) and (2) constitute the complete integrals. 

18 ' S ° he 1 x{y*-z*) = y[z*-x 9 ) = z(x*-y*) ' 

Using x, y , z as multipliers we get 

xdx+ydy+zdz = 0 

whence x*+y 2 +z % =a. 0 

Using l/x, 1 ly> 1 \z as multipliers we get 

4*+*+*= 0 

x y z 

whence xyz=b. (' 

(1) and (2) constitute the complete integrals. 

» \ r in c t dx dy _dz \ 

K cos (x+.p) sin(x+}>) z 

\ Here it is obvious that by taking proper multipliers 

dx-\-dy dx—dy 

cos (x+yH-sin {x+y) cos (x+.y)-sin (x+j>) 
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or 


[ cos (x+y )— sin (x+y) ] (dx+dy)] ==(Jx _ dy 
cos ^x+y)+sin (x+y) 


Integrating log [ cos (x+y)+sin (x+y) ]= x — y + constant, 
or [ cos (x+y) -f sin (x+y) ] e v ~*=a. 

dz_ - dx+dy __ il/y/2) (dx+dy) 

z — cos ^x +y) +sin (x+y) sin (x+y+$w) 


-(I) 


Also 


y/2 ^ = cosec (x+y + ^-) [dx + dy) 



V2 log z=log tan A (x+y) + ^- ^ +log b 
cot { \ (x + y) + ^-}=6. 


-(2) 


dhe : .<** = d > = - ^ . 

y 3 x— 2x 4 2 y 4 — x 8 y 9z (x 8 — y 8 ; 

(^Igra 1941, Rajasthan 1955) 

dxfx _ dy/y _ difiz _dx/x+dy/y+dz/3z 
y 8 — 2x 3 2y 3 — x 3 3 (X s — y 8 } 0 


... £+*+*_ o, 

x y 3z 

Integrating xy: 1 /3 = a. 

Again we have 

(2y 4 — x 3 y) </x + (2x 4 — y 8 x) dy — 0 
Dividing by x 3 y 8 , 

*-§-o 

••• <$-§*>+< S '-!?)*- 0 


-(i) 


X- X 

# 

... ^+*-4. 

x 8 y* 


(2) 


(1) and (2^ together give the solution. 
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_ . . dx dv dz 

9‘5. Geometrical Interpretation of 


(A) 


We know from solid Geometry that the direction cosines of 
the tangent to a curve are ^ ^ i.e. are in the ratio of 

dx: dy : dz. 


The equations (^) therefore express that the tangent to a 
curve at any point (a, y, z) has direction cosines proportional to 

P: Q : R. 

[ For any point zj), equations (A) determine definite values of 

— and ^ and thus these differential equations determine a particular direction 
dx dx 

at every point in space. Hence if a point (x lt y x% z x ) moves so that at any 
moment its coordinates and the direction ratios of its line of motion [ dx, dy, dz J 
satisfy the given differential equations ( A ), then the point (x x , y x , z x ) must 
pass through each position in a particular direction. Consequently, a point, 
which starts at a given point and m jves in the direction determined for this point 
by the differential equations (A), will describe a curve in space passing through 
the point (x lt y x , z x ). The coordinates of any point on this curve and direction 
of the curve at that point satisfy the given differential equations (A). 

Next, take a point (x«, y it z 3 ) which does not lie on the curve obtained 
above by the motion of (*][, y Xt z x ) ; this point will describe another curve. 
Thus through every point in space, we will have a definite curve whose equation 
will satisfy the given differential equations (A). 

The curves are the curves obtained by the intersection of the two surfaces 
given by the two independent integrals of (A). J 


r 


1. 


5. 
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EXERCISE IX (B) 


Solve : 

dx_dy_dz 
x y z 


3 dx - *y 
y+z z+x 


dx 

A 2 — >’* — Z l 

dx _ dy 

vl 


dz . 
x+y * 

_ dy _ dz 


2a y 2a z 

dz 


n xy 


l dx 


m dv 


2 . 


4. 


6 , 


8 . 


a dx_dy_dz 


y 9 z 


X z 


.2 


dx _ dy _ dz 

x 9 y 9 r 


.2 


dx _ dy __dz 

1-fV 1+A Z 

dx_dy__dz 1 

X Z V 


ri 


dz 


m*—'" 


mn(y-z) nl {z-x) fm { x- y) 
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V'' 


10 . 


11 


dx _ dy dz 

T~ — 2 'Sx 2 sin (>» + 2x) 


* dx 


_ dy _ dz 
z~ — 2y z— y a — y+z y— z 


13. 


12 dr_^ = dz 

1 3 5z-|-tan (y— 3*) 

dx_dy__ dz 

x _ y z— fl\/(* a -|-y*+z a ) 


14. 


dx 


dy _ 


dz 


x (y*-z a ) -y(z 2 +x 2 ) z (jc z -hy*) 


/( 


15.) 


dx 


dy 


dz 


xz (z a +*y) — yz (z+*y) * 


4 * 


^6. 


— dx _ dy _ 


dz 


X (x+y) y U+y) U— y) (2x+2y+z) 

dy _ dz 


17 = 


— i. • 




' J y 2 +yz+z z z 2 -fzx+x 2 **+xy+y* 
dx = dy_ dz f 

y v * xyz 2 (* 2 -y a ) ’ 


[Bombay 1961) 

# 


{Nagpur 1958) 


18. 


( Bombay 1961) 
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TOTAL DIFFERENTIAL EQUATIONS 


101. If we are given a relation of the form 

<f> (*,y, z) = c 

where c is an arbitrary constant, we can easily get 


d<t> 

dx 


dx+™ dy+ dz= 0. 

a y a z 





have a common factor, the relation (2) 


can be simplified by cancelling the factor. In any case the derived 
equation (2) can be expressed in the form 

P dx+Q dy+Rdz= 0, ...(4) 

where P, Q R are functions of x , y, z. 

Thus if we are given relation (1), we can always get a relation 
of the form (4). 


We shall now derive the converse of it i.e. if we are given any 
relation of the form (4), how to obtain relation (1). This is not 
possible if P, Q , and R are taken arbitrary. In the next article we 
shall find under what circumstances such a differential equation will 
lead to an integral of the form (1). 


v 


A relation oj the type Pdx+Qdy+Rdz=0 where 
unctions of x, y, z is called a total differential equation. 


10 2. Condition of Integrability. 

erential e<$Tia??6it ■■ 1 

Pdx+Qdy+Rdz= 0, 

where P, Q, R are functions of x, y , r. 
,have an integral 


Let us consider the single 

...( 1 ) 

Let it, if it is integrable, 


<f> — constant =a, say 

so that d<t>, the total differential of <t> is equal to 

P dx-\-Q dy+R dz 

or equal to it multiplied by a factor. But 


( 2 ) 



dz= 0. 


...(3) 
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Since (2) gives the integral of (1) we must have 



where is some function the value of which is unknown and which 
is common to all. 

From the first two of these equations we have 




— — 3 ** ~ d (uQ) t 

dy dx dy dx K ^ ,y 


or 


dy 

KL+o 9 * 

dy dx dx’ 


that is 

«■< 

3 P _ 3 Q 
dy dx 

)=Q ~—P 

' dx dy 

...(4) 

Similarly, 


3(2 _ 3 R 

dz dy 

' dy *dz* 

...(5) 

and 

-< 

3 R _ d P 
dx dz 

)=P d Jt-R d Jt. 

' dz dx 

~(«) 


Multiplying (4) by R , (5) by P t (6) by Q and adding, we get 

P(-£- — —)+Q(~ ) + R(*I > - \=o 

' dz dy ' ' dx dz ' \ dy dx / u 

This is the relation which must exist between P, Q, R if ( 1 ) 
posseses an integral of the form considered. 

The condition is therefore necessary ; it is also sufficient i.e. 
when this relation is satisfied, the given equation has a primitive 
of the form <f>=a. We proceed to prove this proposition. 

If this relation is satisfied for P , Q, R of the equation 

Pdx+Q dy+Rdz=0, ...( 1 ), 

then it can be easily verified that the same relation will hold for the' 
coefficients of 

H-P dx+fiQ dy+uR dz =0 •-(2) 

where ^ is any function of x, y, z. Let 

P dx+Q dy 

be an exact differential equation. In case it i<i not, an integrating 
factor can be found to make it exact. Hence there is no loss of 
generality in regarding P dx + Q dy as an exact differential. 

Let f {Pdx + Q dy)=V 


so that =P and . = 

dx dy 
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Further condition of being exact is 

dP__ dQ -• 
dy " 


Hence 


dx 

dP __ d 2 V 
d z 


dQ _ d 2 V 


dz dx dz dz dy 
Substituting these values in the given relation 




dR dP 


dx dz 


)+*( 


dP ... dQ 
dy dx 


)= 


0 


it becomes 

dV 


( 


d 2 v a R 


dx ' az ay ay 

and it may^e written in the form 


dR \ , dV ( dR _ 

av /”* 9 v ' 3a: 


9/? 3 a K 


. 1 / *r+ R \dV 

7\v \ ar / 


dV 

dx ' a v \ az 


9 a: dz dx 


S ( 4r-* )“° 


)-o 


9 V dx \ 9Z 


or 


aF 

ax 

aF 


±(1 v —r) 

3a' az / 

J/iL-*) 

av \ a z ' 


=0 


ay ay N az 

This equation shows that a relation independent of x and y 

Therefore -A- — ^ can tlj&jfe?re- 

az a* 


exists between K and 


ssed as a function of z and V alone 


Let <^--R=f(z,V). - -( 4 ) 

dz 

Now P dx-\-Q dy+R dz 

-10L dx + iL iL *+(*--£ ) & 

ax ay az > a% 7 

=dV—f(z, V) dz. 

This being an equation in two variables, we may have its 
integral of the form 

F{z % V)=0 

Hence the condition is sufficient. 

10-3. Method to obtain the primiti?e of P dx-\-Q dy-\~R dz= 0. 

In case the condition oi intcgrability is satisfied, we integrate 
the equation 
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Pdx+Qdy= 0* 

as if z were constant i.e. dz=0 . Let this integral be 

M=constant=<#> ' 

This constant in the integral is constant only with respect to 
x and v and can therefore be taken as a function ot z. 

On differentiating the integral (1) with respect to x, y , z an 
comparing the result with 

P dx+Q dy+R dz=0 

we shall be able to get a relation independent of dx and dy. « 

cofficients of d<t> or dz involve functions of x and y it will b P - 
b?eto ,e eliminate them with the help of (1). Then we shall deter- 

mine <t> by integration. 

10 4. Solution by inspection. 

When the condition of integrability is satisfied it will be P oss *' 
ble, in many eases, to get the solution by inspection. In such case 
it will be unnecessary to make use of the general method. 

1. Solve : (y+ 2 ) dx+dy+dz=0. ^gra 1954) 

We have dx+ ^~^ z =0 

y+ z 

4 x+log CyH-z)=log c 
y-{-z=c e~ x . 

Solve : y* lo * z dx ~ zx log Zdy+Xy ^Agra 1939) 
"Arranging the terms we have 

ydx—xdy 

xy 



, _rfz/z_ _o 
log z 


or 


dx dy t dzjz _ 0 
x y log z 


or log c+k>g x— log >>+log (log z)= 0 
i. y=cx log z. 

Solve : (2x 3 4-2x_y+2xz a +l) dx+dy+2zdz=0. J\) 

( Nagpur 1901, Raj % 1957, Agra 1947) 

Keeping x constant 

y+*-* J <« 

dy+2zdz=d<f> 



•We may as well proceed by assuming 

Qdy+Rdz=0 or Pdx+Rdz = 0 
and making the necessary changes in the above statement. 



differential equations 


Comparing ( 1 ) and (3) 

[ (2*’+ l)+ 2x (y+*«) ] dx=-dt. 

Thus we get a relation independent of dy and dz 
Using (2) we get 

[ (2x*+l)+2x<f> ] dx=~d<t> 

Thus terms involving functions of, and z are removed 

• di i O z 

" d~x +2x * = ~( 2x, + l ) 


*«*’=-/( 2**+l) e"’ dx 
Now f2x' e'dx=x <*'- f <»' dx 

/( 2^+1) e^'dx^x^ 

The integral is 



<f> e* =— x 

or <*• ( y + 2 t ^ 

E " 4 5o,ve : °' 2+ ^> 4*C«+flr) ?yH*y + xy Z) dz=o 

Dividing the who.e equation by ££ nil 66 ’ 1958) 

Ineegra^X^tt^^^ ' *+«■+«*-»■ 

/ k#*cf-*+log ^+^+log r-fz= constant 

S - l °g x yz+X+y+ 2==c . 

5 ‘ * o/wf : **+(*-«) Af-r *■-**-(*_*)* ]» kjy. 

, , , % {Agra mi) 

We have _ * a) 

[ A*— z a —(x— a)ap/*— 

^integrating [ /»*-*»_ (*_a)a 

/ X h'-z'-{x^a)*={ C -y)\ 

Vex. 6. Solve : y* *)*:+*. lf , eal ^ 

T ' ^ AT-f-AT Jl/f V-f-ATV COS z\ dr-^-Ci 

becomes Ca ^ Ut * i ”^ S2 ^ C °™*^ 1 *^” < ^^ >e ™^’'*'^°=<h*”h?^quaSon 

J- cosy-sin v . . 

x’ 2 T -y- — dL dy=0 
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r »• sin x , sin y . 

Integrating — — — + = P 

where <t> is some function of z. 

Differentiating (1) and comparing with the given equation 
we get 

x y z d<f> = — (y sin x+x sin y+x y cos z) dz 
or zd<f>= — ( -!l^- + i^- + cosz ) </z=-l$+cos z) dz 


or * + 

dz z z 


Integrating <t>z= —sin z-f-c or 4>= 


sin z-\-c 


A: 


The integral is z ( 


sin x 


f 


sin y 


— )-f-sin z=<\ 


x ■ y 

Ex. 7. Solve i (ydx+xdy) (a—z)+xy dz= 0 (Agra 1930) 

We have *<*«+«»■ +-*.-0. 

xy « — z 

Integi^ting, log (x y) — log (a— z)=log c 

x>»=c (a-z). 

. 8. Solve : 

% y *~ rdx tttt dy ~ tan ~ 1 ~dz=^ 

x*+y* x*+y' x 



We have 


y dx—x dy _dz 
l x* +.)'*) tan -1 y/x z 


Let v=tan -1 - y - 

x 


dv - (xdy-ydx) 

1 +y*lx* 


Then (1) becomes — — 

v z 

Integrating —log v=log cz 

or 1 /v=cz i e. j>/x=tan (1/cz). 

EXERCISE X (A) 

Solve the following differential equations : 

dx-\-dy-{-dz = 0. 
yzdx+zxdy -f xydz*= 0. 


...( 1 ) 


2. xi/x-fy dy + z </z=»9. 
v 4. zydx=zxdy+y? i/z. 
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(Raj. 1959) 
(Punjab 1955) 


A 

f 


xdx+zdy+(y+ 2z) dz= 0 . 

(y~\~z) dx+[z+ x) dy+(x+y) dz= 0. 
yz dx-f 2zx dy—'Zxy dz=0. 

(Obbz) ydx+(a+z) xdy—xy dz=0. 
a y z z 2 dx-\-b z 2 x 2 dy+c x 2 .y 2 dz=0. 
dx+d_y-F(x+.y-|-z-Fl) dz= 0. 

(>’Z+2x) dx+(xz+2.y) </y+(x.y+2z) dz= 0. 

(/-fz 2 — X 2 ) dx— 2x;y dy-2xz dz= 0. 

2^2 <£v+zx dy- xy (1 +z) dz=0. 

>f/) ( 2 +c) dx+(x+a) (z+c) dy-\-(x+a) (y+b) dz=0. 

+ ~ a +z»' +3a * ax + sb > dy+cdz= 0. 

(>’4-a) 2 dx+z rfy-fy+fl) dz=0. 

( ay—bz ) dx-f (cz-ax) d[y+(5x— cj>) dz=0. 

(mz— /ry) dx-t-(nx-lz) dy+(ly—mx) dz= 0. 

2 (>>+z) dx+(x+3y+2z) dy-\-(x+y) dz= 0. 

(j-z) dx+2 (x+3 y-z) dy- 2 (x+2.y) dz= 0. 

{x-3y-z) dx+(2y—3x) dy+(z—x) dz= 0. 

(2/+4a z 2 x 2 ) xdx+{ dy+lx'+W+z*)- 1 !* } ydy 
/ft8 IO , +[4z»+2^ 4 +(>> 2 +z 2 )-i/ 2 ]zt/z=0. 

(2xV+2x .y 2 -f2xyz+l) dx+(x*+x 2 .y+x a r +2xyz 

I?- ^ d y+(?y'+y 3 +y* *+*) *=o. 

Find / (j/) if /(.y) dx-z x dy-xy log ;> dz= 0 is integrable. 
Find the corresponding integral. 

Solve : 

(z+z a ) cos x ^*-(z+z 2 ) ^+(l-z 2 ) fjy-sin x) ^=0. 

-i6. (x 2 +z 2 ) (x dx-\-y dy-\-z dz) + y/~x'+y z +z* (zdx-xdz) = 0. 

10 5. Homogeneous Equations. In the case of a homogeneous 
equation between x, y, z , one variable can be separated from the 
other two by substitution 

x=z«, y=zv 

and therefore dx=z du+u dz , dy=z dv+v dz. 

Then the equation will reduce to 

z tf(w, v) dx-\-z * (u, v ) ’dv+[ Q(u, v)+w <*(w> v)+v * (m, v) ] dz= 0. 

Case I. If the coefficient of dz is zero, we have an equation 
between the two variables u and v and it can, therefore, be easily 
integrated. 

Case II. If the coefficient of dz is not zero, the equation will 
take the form 

<f> ( u , v) du+ \p (u, y) dv , dz =0 
0 (u, v)+« <f> («, v) + v ip (u, v) z 


25. 
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Here if the given equation is integrable, the first term will be 
an exac^ differential. 

\ 9. Solve: (y*+yz) dx+[xz+z*) dy+(y l — xy) dz=0. 

(nrS. 1961, Agra,’ 51 1 ’ 60; Jaipur 1949,’51,’63,’56;£wcM948,’5 V55) 

Here the condition of integrability is satisfied. The equation 
is homogeneous, hence substituting 

x=uz , y=vz 

and therefore dx=zdu-\-udz and dy=zdv+vdz 


the given equation is reduced to 

(v 2 +v) zdu + z (w+1) </v+(1+m) (v a + v) dz= 0 

du (v+v 2 ) -\-dv (m+1) ,dz =tl 
(1 + m) (v 2 +v) z 


du (v+v 2 )+</v (2v + l) (!+«) _ 2v (u + 1) dv ,dz = Q 
OT (1+m) (v 2 +v) (1 +m) (v 2 + v) z 

Integrating 

log { (l+«) (v 2 +v) } — log (r+l)*+log 2 + log c'=0 


or 


(1 +MJ (v 2 + v) z_ / , ix+z) y 

(v+i) a y +2 


or ^ y (x+z)=c (y+z). 

V "106. The method of hading an integrating factor for Homo- 
geneous Equations. 

Let P dx+Q dy+Rdz = 0 (1) 

be an integrable equation in which P , Q , R are homogeneous func- 
tions of degree n in x y y, z. 

Substitute x—uz and y=vz and let 

P=z n f (m, v), Q=z n F (w, v), R=z n 4> (w, v). 

Then dx=udz+zdu, -dy=vdz+zdv. 

Putting these values in (1) it becomes 

2 " [f(u, v) ( udz+zdv)-\-F (w, v) ( vdz-\-zdv)-\-<t> (n, v) dz ]=0 
i.e. 2 " [ 2 {/(«, v) du+F (u, v; dv }+{ m/(m, v)+v F (w, v) 

+ <t> («, v) } dz ] = 0. 

Dividing by z n+1 [ u f (m, v) + v F (w, v) + <£ (m, v) ], if this 
expression is not zero we get 


f(u , v) <fa+F (m, v) dv ■ dz =0 ( 9 ) 

m/(m, v)+v F(w, v)+<MM,v)~ r 2 1 

Since equation (1) is integrable so is equation (2) either 
immediately or after multiplication by an integrating factor. In 
the first term of equation (2) the variables are u and v while in the 
second term the variable is only z. Thus the variable z is separated 
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from the other two. In case we multiply (2) by any factor, other 
than a constant, this separation would be destroyed. So there is 
no integrating factorgand therefore equation (2) must be exact in 
itself. But equation (2) was obtained from equation (1) bv dividing 
it by the factor ‘ 6 

. 2 " +1 [ w/(«» v)+v F ( u , v) + * («, v) ] 

besides the change of variable ; and this factor is equal to 

Px-\~Qy+Rz. Hence ^l(Px-\-Qy-\-Rz) is an integrating factor of 
the integrable homogeneous equation 

Pdx+ Qdy+Rdz=0, 
except when Px+Qy+Rz=0. 

Note '.—Similarly it can be shown that lf(P l x x +P t x,+ +P n x„) 

is an integrating factor for 

P j </xj 4 -P a dx % - f +Pn dx H =0 t 

except when P x x x +P % x a + +P n x„=0. 


\A 


or 


Ex. 10. Solve l (>>z+z 2 ) dx—xz dy-\-xy dz=0. 

Here Px+Qy+Rz=xyz+xz*—xyz+xyz 

=XZ ( y+z)=D , say 

.*. d (D)—xz {dy+dz) + {y+z) (xdz+zdx) 

Dividing the given equation by D, we get 

z (y+z) dx—xz dy-\-xy dz A 

D U 

d\D) _ 2 xz ( dy+dz ) _ 0 d ( D ) _2 {dy+dz) 

D xz ( y+z ) ’ D y+z 0 


Integrating D=c {y+z) x 

j\ or xz=c{y+z). Z* 

11. Solve : 

A ( x*y-y*-y*z) dx+{xy*-x'z-x*) dy+{xy % +x x y) dz=0. 

( Agra 1945, 1957, Raj. 1962) 

The condition of integrability is satisfied. The equation is 
homogeneous [ Here Px+ Qy+Rz=0 ] hence substituting x=uz, 
y=vz, so that 

dx=z du+u dz t dy=v dz+z dv, 
the equation is reduced to 

v {u 1 — v l — v) du+u (v 8 — u— u x ) dv= 0 ' 

- or («*— v a ) (v du—u dv ) — v* du—u* dv= 0 
or U/v , -1/m 1 ) (v du-u dv)-{lfu x ) du-{ 1/v*) dv= 0 
Integrating we get 

ufv+v/u+llu-\-\/v=c 
or xly+ylx+zfx+zfy=c 
or x x +y % +yz+xz=cxy. 
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Aliter. Divide by x * y* 


dx y , 
— A dy 


_i_ dx+ dy - zdy -* d y+ d i+ d i=o 
X 2 XX >■* x y 


y x 

. yi/x — xdy + xdy — ydx ^ xdz— zdx | ydz—zdy_^ 

y % x i x % v a 

*\ 7 

x/y +ylx -f z/x + z/y = c. 
x. 12. Solve : 

(yt+yz + z 2 ) dx-\- (x a +xz + z 2 ) </y-|-(x 3 +xy+.>' 2 ) </z=0, 



{Punjab ’56, /. A. S ’58, Jaipur ’50 ’54, 58, Mysore ’49, 

Agra 1933, 1952, 1961 Nagpur ’57 ’58) 

Here J^^+yz-f z a , 0=x a + xz+z 2 , /?=x a +xy+y 2 
Substituting these values in the condition of integrability i e. 

a Q _ dR \_^ n , a R _ dP )+ R (A 




> 


0 y dy ' ' ~ N dx dz ' ' 0y ax 

^J^+yz+z 2 ) (x+2z— x— 2y)-H* a +*z+z 2 ) (2 x+y— y — 2z) 

-K* a +*y+y 2 ) (2y-+-z — 2x — z) 

= 2 (z 8 — >> 3 +x 3 -z 3 +y , -x 3 ) = 0. 

Hence the condition of integrability is satisfied. The equa- 
tion is homogeneous, hence substituting x = wz, y=vz, and therefore 
dx=u dz-\-z du and dy = v dz-\-z r/v^the given equation is reduced 

(v 2 +v4-l) du+{u*+u-\-\) dv ^ dz = Q 
(w + v+ij (uv-t-w + v) z 

If we write D for the denominator of the first term, the above 
expression becomes 

d (£>) — 2 (m + v+mv) ( du-\-dv ) , dz n 

D “’"7 


or 


d (D) 

D 


2 jdu-\-dv) ,dz =() 
u + v+1 z 


Integrating, 


or 


U + V + llV 
U + V + 1 


z=c 


or 


or 


xz-fyz-fxy 


x 


xz=c 


x+y+z 

xy+yz+zx=c (x+y-fz). 


} 
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Aliter. We have .^A 

,§!• Px-f 2y-f/?z=(*-hy+z) (xy-f-yz+zx)=Z) (say) 

jgf d (D) = (yz+zx+xy) (dx+dy+dz) 

%. : ' -f (x+y+z) (y</z + zrfy + zr/x + xdz +x</y +ydx) 

Dividing by £> the given equation becomes / ■ < 

(y*+yz-\-z z ) dx+ _ A 

D 


1. 

2 . 

3. 

4. 

5. 

6 . 
7. 


or ^ D __ 2 (yz-j-zx-f xy) (</x+ <7y4- <&)• _l q 
D ~ (yz+zx-f xy) [x+y.+z) - r 

or dD -? <fe+«fr+<fe -o 
D x+y-fz 


Integrating we get 


D=c (x-fy+z) 2 
or xv-l-vz4-zx=c (x-4-v-4-z) 


EXERCISE X (B) 

Solve : 

z 2 </x+(z 2 — 2yz) rfy+(2y a — yz— xz) */z=0. ( Agra 1935, *41, ’60) 
(2 xz—yz) dx+[2yz—xz) dy—(x*—xy+y*) dz= 0. 

(^gra 194*. 1953, 1959) 

(2xy+z 2 ) </x-|-(x 2 4-2yz) dy+[y*+2xz) dz=0. ■> ■' 

( 2xyz +y 2 z -fyz 8 ) </* + (x 2 z + 2 xyz +xz*) dy ' f 

+ (A^y+xy a +2xyz) </z=0. 

yz a (a' 2 — yz) </x+x a z (y*— xz) dy+xy i (z a — xy) dz— 0. 

[Nagpur 1953) 

(x a — y 3 — z a +2xy-}-2xz) dx+[y 2 — z a — x 2 +2yz+2yx) </y 

+ (z a -x a -y 2 -j-2zx+2zy) dz= 0. r 

2 (2y*H-yz— z a ) dx+x (4y+z) dy+x (y— 2z) dz= 0. 


10-7. Geometrical interpretation of P dx+Q dy+R dz=0. 

This differential equation represents that two straight lines of 
which the direction cosines are proportional to dx , dy, dz and 
P, Q, R are perpendicular to each other. Direction cosines of the 
tangent at a point (x, y, z) on a curve are proportional to dx , dy , dz. 
Hence the above equation expresses that the tangent to a curve at 
the point (x, y, z) is perpendicular to a line of which d. c.*s are 


proportional to P , Q, R. 

Let the solution of - 

Pdx+Qdy+Rdz = 0 (1) 

f{x, y, c)= 0. (2) 


be obtained as 
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Since (2) has one arbitrary constant, it represents a singly infinite system 
of surfaces. By a suitable choice of this constant, the surface given by (2) can 
be made to pass through any given point of space. If the point moves on the 
surface in any direction, then its coordinates and the direction ratios dx, dy, dz of 
its path at anv moment must satisfy (1) since (2) is the integral of (I t. Also for 
each given point (jr lt y x , z{] there can be an infinite set of values of dx, dy, dz 
depending on the path followed by the point in moving from the initial position 
<*. y. r .), and all these sets will satisfy equation (1). However, while descri- 
bing anv path the point must remain on the surface given by the integral (2). 
which of course, passes through the point (*i, J’i, z\) Tims we have an infinite 
number of curves thus described by a point which all he on the surface < 2). 
f Compare it with the case of Art. 9 5 where there can be only one curve. Here 
the number of curves is infinite but all ol them must lie on one surface J. 

10 8. The locus of P dx + Q dy + R dz=0 is orthogonal to 

... t dx dy dz 
the locus of = . 

It has been shown above that if a point on a curve is moving 
subject to the condition 

Pdx+Qdy+Rdz = 0 (1) 

that the direction of the point is at right angles to a line whose 
d. c's. are proportional to P, Q, R- 

It has also been shown that a straight line whose direction 
cosines are proportional to dx, dy, dz is parallel to a line whose 
direction cosines are proportional to P, Q, R under the condition 

dx = dy_dz (2) 

P Q R ‘ 

Hence the curves traced out by points that are moving subject 
to the condition (1) are orthogonal to the curves traced out by 
points that are moving subject to the condition (2). 

Case 1. In case the equation (I) is integrable, a family of 
surfaces can be found, which are normal to the curves represented 
by (2) at the points where these curves cut the surface. 

Case II. In case the equation (I) is not integrable, no family 
of surface can be found which is orthogonal to all lines that form 
the locus of equations 

dx_dy_dz 

P Q R ‘ 

10-9. Equations containing more than three variables. Let us 
consider an equation of the form 

Pdx+Qdy-[-Rdz-\-Tdt=0. 

It must obviously be integrable when any one of the four variables 
is made constant. Thus taking x, y , z, t successively as constants, 
the four conditions of integrability are 
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J* )+ e (J^-JL)+r (JL-M)=o. 

\ 3z 0J> / “\ 0/ 0Z / ' dy dt ' 

r/ZR 3 37" \ , p / 3r __ 3« \_n 

ir' +i ^ir -sfv+'vs - ir' 

r^-J2uw?e_j3:u e /w:-iP\=o 

\ dy dx ^ v 9 * ' a* ar / 

p ( — dR Ug ( dR — ( . dP .—J& )= o. 

N 32 aj> ^ ' dx dz ' ' dy dx ' 

It should be noted that the fourth condition can be derived 
from first three, hence is not independent. 

Hence if an equation involves more than three variables, the 
condition of integrability must hold for the coefficients of all the 
terms taken by threes. Of course all of them may not be 
independent. 

In the case of n independent variables the number of indepen- 
dent equations of condition will be found to be 

k (»- 1) («“2). 

1010. General method of solution. When the condition of 
integrability is satisfied, the integral is found as in the case of three 
variables. We integrate by keeping all other variables excepting 
two as constants. The constant of integration is taken to be a 
function of the variables which were kept constant. We then form 
the differential of the integral relation obtained. Comparing it 
with the given equation we can get a relation free of the two vari- 
ables (which were at first made variable) and their differentials, 
taking the help of the integral relation if necessary. We thus obtain 
an equation involving {n — 1) differentials instead of n. The rule is 
reapplied to this and the number is again decreased by unity, and 
so on, until the solution is obtained. 

10*11. If the equation is homogeneous. If the equation is 
homogeneous, we may put x=ut, y=vt , z=»vf and then integrate, 
or we can use the method of integrating factor. 

The method of procedure will be clear by solved example 14 
given below. 

Ex. 13. Solve : (2x+y*-\-2xz) dx-\~2xy dy+x 2 dz=du. 

( Agra 1955) 

We have 

2x dx+(y* dx+2xy dy) + (2xz dx+x* dz)-du=0 
Integrating x?+y 2 x+x* z—u=c. 
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or 


from (1) 


Ex. 14. Solve : 

2 (y+z) dx+z ( u-x ) dy+y (x-u) dz+y ( y+z ) du= 0. 

All P A^ Z ' y+ c Z h Q=z ("-“*)» R =y C x-u), T=y (y+z). 

All Ihe conditions of mtegrabillty are satisfied There are 4 van- 

ables in this equation. 

Let us take any two of them as constant. Here for con- 

NowiU P ut /= constant and z=constant so that dy=0, dz=0. 
XNow the equation becomes 

# z (y+z) dx+y (y+z) du= 0. 

Integrating z (y+z) x+y (y+z) «=constant=/ ( 1 ) 

where /is a function of y and z. 

we ^Differentiating it and comparing it with the original equation 

(2zx+2uy) dy+(2zx+2uy) dz=df 
or 2 ( zx+uy ) (dy+dz)=df 

2/ (dy+dz )_, f 
y+z J 

Integrating log ry +z )> = l 0 g /-(-constant 

hu . f=e Cv+r)*. 

rience the complete solution is 

z* (y+z)+y iy+z) u=c (y+z)* 
t e ‘ zx+yu=c (y+z) 

Aliter. Px+ Qy+Rz+Su=xz (y+z)+zy (u—x)+yz (x—u) 

_ , , x t +uy (y+z) = (y+z) ( xz+uy)=D , say 

dD=(xz+uy) ( dy+dz) + (y+z ) (xdz+zdx+udy+ydu) 

Dividing the given equation by D, we easily get 

d (D) _ 2 (uy+xz) (dy+ dz) 

D (y+z) (xz+uy) 

d(D) „ dy+dz n 

~D~ 2 ~y+T ° 

D=c (y+z)* 
xz+uy=c (y+z) 

an equation Se form”' * deBre<! higher ,he fl "‘- 

A dx*+B dy*+C dz*+2D dy dz+2E dx dz+2F dx dy = 0 ...(1) 

C *A D tl E 'f F arC funct i° ns of y> 2 can easily be resolved 
into factors and the factors can be put in the form 

Pdx+Qdy+Rdz=Q and P’ dx+Q' dy+R ' dz=0 . 


or 


Integrating 
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The solution of either of these, obtained by previous methods, 
will be a particular solution of the differential equation considered 
and the two general solutions taken together will torm the complete 

solution. , • ’ v ■ 

Now making the use of perfect squares it can easily be found 
that the equation (1) is resolvable into factors if 

ABC+2DEF- AD' -BE* - CP=0. 

Ex. 15. Solve : x 2 dx 2 -\-y 2 dy 2 -z 2 dz*+2xy dx dy= 0 

This equation satisfies the above condition and is therefore 
resolvable into factors. These factors give 

xdx+ydy+zdz= 0 whence x 2 +y 2 +z 2 - 
and xdx+ydy=zdz= 0 whence x*+)r— z —b . 

Hence the complete solution is 

(xz+/+z a -fl a ) 

EXERCISE X (C) 


1. t {y+z) dx+t (y+z-fl) dy+ldz—{y+z) dt= 0. 

2 . {2x+y*-\-2xt— z) dx+2xy dy—xdz+x* dt= 0. 

3. dx dy dz= 0. 

4. ( xdx+ydy+zdz ) a z=(z a — x 3 — y a ) [xdx-\-ydy-\-zdz) dz. 

5. IV dx 2 -f mm' dy 2 +nn' dz 2 +{lm' A-l'm) dx dy 

+(/«'+/'«) dx dz+(mn'+m'n) dz dy= 0. 



Show that the equation 

adx 2 +bdy 2 +cdz*+?f dy dz-\-2g dz dx + 2/i dx dy 

reduces to two equations of the form 

Pdx + Qdy -f Rdz = 0 
if abc-{-2fgh—af i —bg 2 —ch 2 = 0. 

Hence show that the solution of 


=0 


xyz {dx 2 -\-dy 2 +dz 2 )+x (y a +z a ) dy dz+y (z a +* 2 ) dz dx 

4 -z (x a -j-y*) dx dy= 0 

is (^ a +y a -{-z a — c) (xyz—c)= 0. 


1013. Non-iotegrable single differential equations. Let us 
now consider the equations for which the condition of integrability 
is not satisfied. Let 

P dx+Q dy-\-R dz=0 (1) 

be an equation for which there exists no single relation between 
x , y, z to satisfy it. 

Let us now assume some integral relation 

/(* t y» *)=o 


(2) 
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which on being differentiated gives 

Udx+ d J dy+ d J dz= 0 . 

dx 3 y 3 z 


( 3 ) 


Now equations (2) and (3), when the form f (*, y y z) is speci- 
6ed, enable us to eliminate one of the variables and its differential 
e. g. z and dz , from equation (1) and it becomes of the form 

M dx+N dy= 0, 

where M and N are functions of x and y. Solving this, we obtain 
an equation involving an arbitrary constant, and this equation 
together with (2) will constitute a solution. Sometimes use of 
relation (2) makes equation (l) integrable. 

Note 1 : — Here every possible solution can be obtained by giving different forms 
to f(x t y, z). 

Note 2 : — Such solutions thus found represent the family of curves satisfying (I) 
that lie on the surfaces represented by (2). 

Ex. 16. Solve : dz=my dx-\-n dy. 

Here the condition of integrability is not satisfied. So let us 
assume some relation between x , y , z and let it be 

y=f(x)> 

so that dy=f'(x) dx. 

Substituting these values in the given equation we get 

dz=mf(x ) dx+nf'(x) dx 

which on integration gives 

z=m f f {x) dx +nf (*) 

(1) and (2) together give the solution of the equation. 

Ex. 17. Find the most general solution of the equation 

x dx+y dy-^cy/l—x^la^—y^lb^ dz=0 (1) 

which is consistent with the assumption that it shall represent a series 
of lines traced upon the ellipsoid 

2 ^ 

+ ( 2 ) 

Equation (1) does not satisfy the condition of integrability. 
With the help of (2) equation (l) becomes 

xdx -\-ydy -f zdz = 0 

or x*+y 3 +z 2 = /c*. (3) 

Thus (2) and (3) together constitute the solution. 
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EXERCISER J(D) 


Show that the curves represented by the solution of 
y dx+z dy—y dy+x dz=0 

which lie in the plane 2 x—y—z= 1 are 

x y+x 2 —y*—y=c*. 


Show that the curve of 

x dx+y dy+c V(l-x*/a 8 -//£*) dz = 0 
that lie on the ellipsoid ^Ja 2 +y 2 lb % +z 2 !c 2 =\ 

lie also on the family of concentric spheres 

x 2 +y 2 +z 2 =k 2 . 


Show that the curves of dz=2y dx+xdy which lie in the plane 
z—x+y lie on the surfaces of family 

(x-1) 2 (2y-l)=c. 


4. Show that the equation 

(l+2m) x dx+y (1— x) dy+z dz = 0 

is not integrable. Further show that any system of lines 
described on the surface of the sphere 

x 2 +y 2 +z 2 =r ■*, 

and satisfying the above equation, would be projected on the 
plane xy in parabolas. 


CHAPTER X 


PARTIAL DIFFERENTIAL EQUATIONS 
OF THF FIRST ORDER 


11 1. Introduction. So far we have considered differential 
equations in which there is only one independent variable. Now 
we shall consider equations involving two or more independent 
variables. When we consider the case of two independent variables 
we shall usually take them to be at and y and take z to be the 
dependent variable. We shall adopt the notation 

also %s =^l 


P=* z , 


t- d ' z • 
> 1 


dx' dy a* a ' a xdy ' ’ dy 2 

wha. fo!iows!' 10Wing faCtS fr ° m Ge ° mctry wi “ bc ma de use of in 


(/) The direction cosines of normals to a surface are propor- 
tional to Pi q t — 1. K F 

(//) Envelope of the surface given by f (x, y, z, a, b) = 0 is 
obtained by eliminating a and b from this relation and 

2/=o,?/=o. 

3 a ’db 

If we put 6=0 (a) so that the equation becomes 

/[ x, y, z , a, 0 ( a ) ] = 0 . ( 1 ) 

The envelope then is obtained by eliminating a bet- 
ween (1) and |/=0, where / stands for 

oQ 

f{ X , y, z, a, 0 (a) ]. 

Now we proceed to show that partial differential equations 
are formed by the elimination of arbitrary constants or arbitrary 
functions. 7 


,, . Derivation of a partial differential equation b> 

elimination of arbitrary constants. 


the 


Suppose we have a|function 
fix, y, z , a, b)= 0, 

where a and b are arbitrary’constants. 


U) 
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Regarding x and y as independent variables we get on 
differentiating 

U+*fp=0,*f+^q=0. 

dx^dz* dy dz 


We have thus three relations from which two quantities a 
and b can generally be eliminated. The resulting equation 

F(x,y>z,p, q)=0 (2) 

is a partial differential equation of the first order. 

If there are more arbitrary constants than the number of in- 
dependent variables the eliminant will give a differential equation 
of higher order t^an the first. 

Ex. 1. Find the partial differential equation by the elimination 
of a and b from 

z=ax-\-by+ab. 

Differentiating with respect to x and y we get 
p—a, q=b. 

Substituting these values of a and b in the given equation 
a z=px+qy-\-pq. 

V . Ex. 2. Form a partial differential equation by eliminating 
a, b, c from 


x \£+ z '-l 


Differentiating with respect to x and y 
2* 2r 3 z 2y 2z 3r_ ft 


c* x+a* z - 2 =0, 
dx 


( 1 ) 


c 2 y+b % z ^=0 (2) 

dy 

Differentiating (I) with respect to x and (2) with respect to y 


cH«’ ( f V+n 1 : f * - 0 

(3) 

> dx ' 3x 2 

c-+b 2 (~)*+b 2 z d \-0 

N dy ' dy 2 

(4) 
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(1) and (3) give 


-2 l Z +x ( )*+xz d % = 0 . 

ex \ dx ' dx * 


0* ' N ax 

Similarly (2) and (4) give 


-zp+y ( V ) +y z 

dy v dy 7 


a 2 z 


-= 0 . 


ay 

i EXERCISE XI (A) 

( Eliminate the arbitrary constants from the following equations 

“ and form partial differential equations : 

1. az-\-b=a 2 x+y. 2. z=ax+a 2 y* + b. 

j. z=(x+a) (y+b). '*4. ( x -h) 2 + (y-k) 2 +z 2 =a 2 . 

z=ax e v +£ a 2 e 2v +b. 


11*3. Derivation of partial differential equation by the elimi- 
nation of arbitrary functions. 

Suppose u, v two known functions of x, y, z are connected by 
relation 


<t> ( u , v)=0 

where <f> is arbitrary. 

Differentiating (1) with respect to x and y we get 

0* / 3 w _l 3“ 32 \ , 3* / 0v 0v 02 \ Q 
3w \ fix' dz dx a v a, ;> v / ’ 


8v N 0x 02 dx 


( 1 ) 


l.e. I* ( du +p du )+ at ( dv +P 3V )=0, 
du ' dx H dz ) 0v ' dx ‘ dz > 

and ™ )+™(*! +q *I) =0 

7\u '3u 7\7 / J»v \ V 0 Z / 


du ' dy dz ' 0V \ 02 

Eliminating^ and ^ we obtain 

du dv 


( L w +p ?" ) ( 3y \ / dv dv w du du x 

^ 0x 02 ' ' dy 02 / ' dX^ P dz ' \ dy^q dz ' 


This may be written as 

Pp+Qq=R, 


P= du 0V_0M 3v_ 0 ( u , V) 
0>- 02 02 0>> a (_y f 2) ’ 


(2) 


where 
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n = cu 8v_8w 8v_ a (u, V) 
dz dx dx 8 z a (z, x) * 

8 (u, y) . 
dx dy a y dx a (x, y) \ 

Thus from relation (1) which involves an arbitrary function <t> 
we obtain (2), a partial differential equation which is linear that is 
of first degree in p and q. 

If the given relation between x, y , z contains two arbitrary 
functions then leaving a few exceptional cases the partial differential 
equations of higher order than the second will be formed. 

Ex. 3. Form the partial differential equation by the elimination 
of 4> from 

lx+my-\-nz=4> (x*+y 2 +z 2 ). 

Differentiating with respect to x and y we get 

l+np=<f>' (x 2 +y 2 -\-z 2 ) . (2 x+Vzp) 
m+nq=<t>' (x’+J'Hz*) . (2y+2zq) 

l+np _x+zp 


Ex 4 


m+nq y+zq 

(l+np) y+z ( lq—mp) = (m+nq ) x, 

Eliminate the arbitrary functions from the equation 
z=f(x+iy)+F(x-iy). 

dz 


dx 

d’z 


=/' (x+iy)+F ( x-iy ) 


dx- 


-—f" ( x+iy)+F n (x-iy) 


~=if ( x+iy)-iF' (x-iy) 

dy 

= -/" (x+iy)-F" (x-iy) 

■ Jl z 

dx 2 ' 8 y 2 ' 

EXERCISE XI (B) 

t’ons .^ m * nate arbllrar y functions from the following equa 
1. z=e ax ^y f (ax-by) 


2. z=F (x 2 +y*)’ 
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3. z=/(^-) 4. z=^ 2 + 2/( l - +\ogy ). 

5. z=f {x+ay)+<t> ( x—ay ). 


11*5. Classification of Solutions. As in the case of ordinary 
differential equatioTis, a relation between the variables is a solution 
of the given partial differential equation piovided that on solving 
for the dependent variable and substituting into the given equation, 
it is satisfied i e. it i^ reduced to an identity in the independent 
variables. 

An ordinary differential equation has solutions involving a few 
arbitrary constants while a partial differential equation has solutions 
involving arbitrary functions so that by particularizing the function 
any number of arbitrary constants can be inserted. Thus we see 
that a partial differential equation is richer in solutions than an 
ordinary differential equation. 

Complete Integra l. We have seen that an elimination of two 
arbitrary constants leads to a partial differential equation of first 
order in the case when there are two independent variables. 

A relation between the variables which satisfies the equation 
and which contains as many arbitrary constants as there are in- 
dependent variables is known as Complete Integral of the given 
partial differential equation. 

Particul ar Integral.. By giving particular values to the arbi- 
trary constants of the complete integral wc get a solution of the 
partial differential equation and this solution is called a Particular 
Integral of the given partial differential equation. 

General Integral,^ Wc have seen in Art. 11*3 that elimination 
of an'arbiTrafy function from the relation </> (w, v) = 0, where u and 
v are two independent functions of x, y, z leads to a partial diffe- 
rential equation of first order. Hence when a partial differential 
equation of first order is given it will have a solution $ (u, v)=0. 
This is called the General Integral of the derived equation. 

Thus the General Integral of a partial differential equation of 
first order in the case of two independent variables is a relation 
between the variables involving two independent functions of those 
variables together with an arbitrary function of those two functions. 
In the case of n independent variables it is a relation between the 
variables involving n—\ independent functions of those variables 
together with an arbitrary function of those n — 1 functions. 

Singular Solution. The equation of the envelope of the 
surfaces represented by the Complete Integral is found. This 
equation of the envelope is called the Singular Integral of the 
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0=SH 3 v _ 8 (u, v ) 

8 z 9* 0x 02 9 (r, x) * 

8v_?w 9v_ 9 ( u , v) . 

3* ay 0y 0x 9 (x, y) * 

Thus from relation (1) which involves an arbitrary function 4> 
we obtain (2), a partial differential equation which is linear that is 
of first degree in p and q. 

If the given relation between x, y , 2 contains two arbitrary 
functions then leaving a few exceptional cases the partial differential 
equations of higher order than the second will be formed. 

Ex. 3. Form ihe partial differential equation by the elimination 
of <t> from 

lx+my+nz=<f> (x 2 +y 2 +z 2 ). 

Differentiating with respect to x and y we get 

/+; ip=<t>' (x*+y*+z 2 ) . (2 x+?zp) 
m+nq=<t' (x 2 +y 2 +z 2 ) . (2 y+2zq) 

. l+np _ x+zp 
m+nq y+zq 

(l+np) y+z (lq—mp) = (m+nq) x, 

Ex. 4. Eliminate the arbitrary functions from the equation 

z=f(x+iy)+F(x-iy). 

-f x =/' (*+/>0+F (x-iy) 

~i=f" (*+iy)+F" {x-iy) 

~=if (x +/»-< F (x-iy) 
oy 

(x+iy)-F“ (x-iy) 

. d 2 z __ d 2 z 

' ‘ a * 2 ay 8 * 

EXERCISE XI (B) 

Eliminate the arbitrary functions from the following equa- 
tions : 0 

1. z=e a *+'>» f (ax-by) 2. z=F (x a +y 2 )- 
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As a result of this elimination of p and q we obtain a relation 
between x t y> z which is independent of any arbitrary constants. 
This relation will be the Singular Integral if it satisfies the given 
differential equation. 

11-7. General Integral from Complete Integral. The Complete 

Integral can be used to derive an integral involving an arbitrary 
function. Let the Complete Integral be 

F (x, y, z, a, b) = 0, (1) 

and let one of the constants be a function of the other /. e. let 
b~yjf (a), then the Complete Integral becomes 

F[ x y y, z, a, i (a) ] = 0. (2) 

The General Integral is obtained by eliminating the constant 
a between (2) and 



The equations (2) and (3), with a retained, obviously repre- 
sent the curve of intersection of two consecutive surfaces of the 
system F [ x. y, z, a, «/» (a) ]=0. The envelope of the family of 
surfaces is the locus of the intersections of consecutive surfaces and 
hence contains the curve. This curve is called the characteristic of 
the envelope. 

Thus we may also define General Integral as the locus of the 
characteristics. 


While deriving General Integrals from the Complete Integrals 
sometimes other relations abo appear. To confirm that the rela- 
tions give General Integral, we must as in the case of singular 
integrals, verify that they satisfy the given differential equation. 

It may be noted that as by the elimination of an arbitrary 

function we always get a linear equation, the general integral of a 

non-linear equation can not be expressed by a sinele rrlation. 

Important cases can arise when we give particular values to the 
functions. 


11*8. Solutions of a partial differential equation. If we want 
to solve a given partial differential equation, we must not only find 
the Complete Integral but should also indicate the Singular and 
General Litegrals. If we simply find out the Complete Integral 
and do not indicate th- Singular and General Integrals, partial 
ainerential equation is not considered as completely solved. 

We will see however that Lagranges Method of solving a 
partial differential equation of the first order enables us to obtain 
an integral involving an arbitrary function. It can be shown that 
this provides all solutions of the equation which are not of the type 
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known as ‘speciaLsolutions* [ See Art 11*10 ]. Hence the partial 
differential eqL|mion of the 1st order and first degree is considered 
as completely solved if the solution is obtained by Lagrange’s 
Method i^The form <t> (w, v)=0. 

•9. Lagrange’s Linear Eqnation. This is the name given to 
itions of the form A 

Pp+Qq^R, \f V>T/v (1) 

where P y Q y R are functions of x y y y z. * | 

We have seen in Art. 11*3 that by eliminating an arbitrary 
function <f> from 

*(w,v )=0 *( 2) 

*we form the partial differential equation 

Pp+Qq=R> (3) 

where 


p_du 0v_?,w 3v Q = dudv_dji 0v R _du dv_du 
dy 9 z ?z 3 y ^ dz dx dx dz dx a y 3 y dx 

Hence when we have an equation given by (3) we have an integral 
given by (2) which is called its General Integral. The main problem 
is therefore to find u and v for insertion in the equation (2). 

Let us consider equations ti=a and v=b in which a and b are 
arbitrary constants and form the differential equations correspon- 
ding to them. 

We have on differentiation 


& dx+*“ dy+*i dz = 0 

a* a y 02 


and — dx -\ - — dy- dz= 0, 

dx dy 02 


which give on solving 

dx dy dz 

du dv_cU dv~du dv_du dv = du a v_a_w ay 
dy * az dz * dy dz ' dx dx dz dx' dy dy * dx 


dx__dy _dz 
T~Q~R 



Now (4) are differencial equations whose solutions are U=a 
and v=b. 

Hence we have the following rule for solving a linear partial 
differential equation : — 


•For complete proof this must be proved. 
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% 

To obtain a solntion of the partial differential equation 

Pp+Qq = R, 

write down the subsidiary equations 

dx_dy_dz . 

P “q'r ’ 

find two independent integrals of the subsidiary equations, say, 
n = constanf, v = constant ; then the General Integral of the partial 
differential equation is given by 

4> (u, v)=0 

were </> is an arbitrary function. 

It may be noted that an arbitral y functional relation between 
u and v of any form will be found satisfactory. Thus wv can also 
have the General Integral in the form 


u=t (v), 

where ^ is an arbitrary function. 

The method can be easily generalised. Thus to find an 
integral of 



dz -+p z { z - + 
ax, ax 2 




a 2 -=o, 

dx n 


we form the subsidiary equations 

dx x _ dx 2 _dx 3 ^_ 

P\ P2 P$ 


dx n 

Pn 


and let w,=a„ u 2 =a 2 , u n = a n be n independent integrals of 

these, then the General Integral of the given partial differential 
equation is 

P (“i> u 2 u n ) =0, 

where F is an arbitrary function. 

11 10 . Special Integral. It is not always that all integrals 
of Lagrange’s linear equation are included in <f> (u, v) = 0. Let us 
take the equation 

p+2qz ll3 =3z 2 l*j 
whose subsidiary equations are 

dx__ dy _ dz 

1 2 z 1 ' 3 3 z 2 ' 3 * 

giving X—z 1 / 3 = constant and y — z l / 3 =constant as two independent 
solutions. Hence General Integral is 

<t> (x-z 1 / 3 , y-z 2 ' 3 )=0. 
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However, we see that z=(X satisfies the given partial diffe- 
rential equation. Clearly it is impossible to express it as a function 
of x— z 1/8 and y—z*l* [ie. u and v ]. 

An integral of this type is known as special integral. 

EXERCISE XI (C) 

Show that the following equations possess the given special 
integrals. 

1. p+q [ 1-f (z-^) 1 ' 8 ]=1 ; z=y. 

2. p—q= ( l\f z ; z=0. 

3. [ l + jz-x-y ]p+q=2 ; z=x+y. 


1111. Geometrical Interpretation of Pp-f-Qq=R. 

We can write the equation as 

Pp+Qq+R (-1)=0. (1) 

Now the direction cosines of the normal to a surface at a 
point are proportional to p : q : —1 [ If the surface is f(x, y , z)= 0, 
d. c’s are proportional to 


§/“ V V or -UlU -1 

dx ’ dy ’ dz dxj ez * dyj dz * 


N 




or - , — , — 1 *. e. p, q, —1 ]. Hence the geometrical inter- 
9 * dy 

pretation of (1) is that the normal at a point to a certain surface 
is perpendicular to a line whose direction cosines are in the ratio 
of P : Qi R. 

We know that the simultaneous equations 


dx_dy_dz 

P ~ Q R 


represent a family of curves such that the tangent at any point has 
direction cosines proportional to P : Q : R. Also that if incons- 
tant and v=constant are two particular integrals of these, then 
0 («, v)=0 represents a surface through these curves. Take any 
point on this surface, then through this point must pass a curve of 
the family which lies entirely on the surface. 1 he normal to this 
surface at the point taken must, therefore, be at right angles to the 
tangent at this point to the curve i. e. it is perpendicular to a line 
whose directim cosines are proportional to P : Q : R ; and this is 
exactly what is required 1 by the partial differential equation (l). 

Hence equations (1) and (2) define the same set of surfaces and 
are thus equivalent. 
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Ex. 5. Solve : x (y 2 +z) p—y q=z (x 2 —y 2 ). 

fri , ... . {Agra 1939) 

me subsidiary equations are 

dx _ dy __ dz 
x ( y z +z ) ~y [x 2 +z)~ z ( x 2 -y •) 

dx dy dz 

Each of these ratine* d x +y d y-dz_ x + J + z 

0 0 

Hence we get x 2 -\-y 2 —2z=a and xyz=b 
General solution is 

<t> (x 2 +y 2 —2z t xyz) = 0 . 

Ex. 6. Solve : ( z 2 — 2yz—y 2 )p + (xy+xz)q = xy—xz. 

T l . ... . (Agra ’49) 

me subsidiary equations are 

dx_ _ dy __ dz 

z 2 —2yz—y 2 ~~ x (y+~z)~x ( y—z ) 

or x d x _ dy _ dz _x dx-\-ydy-\-zdz 

z 2 —2yz—y 2 y+z y—z 0 

x 2 -\-y 2 z 2 = a 

Taking 2nd and 3rd terms we get 

ydy— zdy—ydz — zdz = 0 
y 3 -2yz-z 1 =b. 

The General Integral is 

<t> (x*+y t +z 9 t y 2 —2yz—z 2 )=0 
Ex. 7. Solve : p+3q=5z+tan (y—3x). 

The subsidiary equations are 

dx_dy_ dz 

1 3 6z+tan {y—3x) 

Integrating 1st two terms, we get y=3x+a. 

Taking 1st and 3rd terms 

dx__ dz 
1 Sz-f-tan a 

_ dz — 

or -j — oz— tan a 
dx 


, writing a for (>>— 3x) 


z <r 6z =tan a 


»— 5a? 


C-5) 


+b. 
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The General Integral is 

[y—3x, e~ 5x { 5z-ftan [y— 3x) } ]=0. 

/-fix. 8. Solve: z-x p-y q=a 
v y ( Raj . 49, Nagpur 1961) 

The eq n is xp\yq=z—a \/x 2 +y 2 +z 2 . 

The subsidiary equations are 

dx dy_ dz x dx+y dy±zdz 


~£~~~j~z-a\/x*+y*+z i x 2 +y*+z*-az Vx 2 +y 2 +z 2 

= dz — , putting tf=x*+y*+z* 


u du 


du 


u 2 —az u u—az z—au 
du-\-dz 


(1-a) (u-\-z) 

First two terms give y=c l X. 

Taking 1st and last terms we get. 

c a j t l ~ a =u+z 

z+(x a +/+2 2 J 1/a=c a xl "“- 
The General Integral is 




z+ V x 2 +y 2 +z 2 =x 1 ~ a <t> (^) 




. — x. 9. Solve t 
(2x* -{-y 2 + z 2 - 2 yz - zx - xy ) p + (x 2 + 2 y 2 +z 2 -yz-2zx- xy) q 

=x 2 +y 2 -\-2z 2 —yz—zx—2xy ( Agra 1934) 

We have 

dx dy 

2x 2 +y 2 +z 2 — 2 yz -zx-xy ~ x 2 +2y 2 +z 2 — yz— 2zx— xy 

dz 


x 2 +f+2z 2 -yz-zx-2xy 


Then 


dx-dy _ dy—dz 


i.e. 


x 2 —y 2 —yz+zx y 2 —z 2 '—zx+xy 
dx—dy _ dy—dz 


( x-y ) {x+y+z) (y-z ) (x+y+z) 

dx—dy_ dy—dz 
x-y y-z 


i e. log 


- — ^=const i.e. - — - = 
y-z \y—z 


const. 
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Similarly 


y—z 


= const. 


Solution 


ion is $ ( ~ — y y ? \ 

' V 7 7 V / 


y—z z—x 

,0 * Solve: x £ c +y^y- it jj =a z+y- (Agra 1962) 
The subsidiary equations are 

dX-.dy_.dt_ • dz 
x y t az + (xy/t) * 


— ^ w w 

Integrating the equation formed by first and second terms, 

y=c 1 x . 

Similarly from 1st and 3rd terms t=c 2 x. 

Taking 1st and 4th terms we have 

dx dz dz z r 

x az-j-x. cjc t dx x c ' 

The integrating factor is f ^ a l x ) ^x__\^ 

x a 


2 


z.±=*' 


-1-a 


c 2 (1 —a) 


+c 


3 


•1 -a 


2 y a « ** \t 

*• 7 (I =5) =c *’ smce cT = 7 


The General Integral is 


** t (a— 1) 


*—=4 (JL S \ 
-1) 


» 

x x 


dy 


• {a-1) z+J=x° (a-1) * , i_) 

X X 

✓ N X X / 

11. Solve : 

Pl ~ r(X: ‘t Xl+i) /’»+(*!+*.+*) 

1 he subsidiary equations are 


dx x 


dx- 


dx 2 

x 2+x a +z X 3 +X 1 +Z ~~ X x +X 2 -\ -z 


dz 


*1 + *a4-*: 
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_ dz — dx x _ dz—dx t _ dz—dx 3 
— (Z—Xi) — (z— x a ) — (z—x 3 ) 

I 

_ dx x +dx 3 +dx 3 +dz 
3 (x x -\-x 3 -\-x 3 -\-z) 

Hence we get from the 5th and last term 

log C — log ( 2 -^)=l 0 g (Xx-j-x a -fx 3 -f z) 1/a 

_£l_=( i : I +^+Ar 3 +z)i/>=r 1 '>. say 
z-x 1 

Similarly we obtain 


£s = fiia g » _ ji /a 

z—i 2 * z—x 3 

Therefore the General Integral is 

* [ (*-* 1 ) r/», (z x a ) r*/», (z-* 8 ) r' a ] 

where T stands for Xi-f-x a +x 3 +z. 


= 0 , 






EXERCISE XI (D) 

Solve the equations : 

yzp+zxq=xy. 2. (y+z) p+(z+xj q=x-\-y. 

^ (Agra f 65 '6 1) 

zp— zq=z*+(y+x)* (Luck. ’54) 4. xzp+yzq—xy. 


5. x* y+y* q =nxy. 




7- (y+x) p+(y-x) q=z. ^ 8. p tan x+q tan >»=tan z. 

9. xy* p—y* q+axz= 0. 

40. (3*-hy-z) p + ( x +y-z) q= 2 (z-v). 

7 11 . 

ax dy dz 

12. x 3 X 3 Z /h+X 3 Xx z p a +Xx x a z p 3 —x x x 3 x 3 . 


11*12. Special Methods of Solution. We have given the 
method of solution of the linear equation Pp + Qq=R t There is a 
general method for solving partial differential "equations of first 
order but of any degree. However, before giving this method we 
will give certain types of equations whose solutions are quite easily 
obtainec .• Many equations can be reduced to a few i.andard forms 
and hence oan be solved generally by methods which are shorter 
than the general method. 
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11*13. Standard I. Equations of the form f (p, q)=rO. 

There are some equations in which x, y and z do not occur 
explicitly and they can be written as 

f{p,q)=0. ( 1 ) 

The Complete Integral is given by 

z=ax+by+c , (2) 

where a and b are connected by the ralation 

f(a,b)= 0, 


since from (2) p = — —a and q=^I=b which when substituted in(3) 

dx dy 

give (1). 

General Integral can be calculated by the usual method and 
it can be easily shown that equations of the type given by (1) have 
no Singular Integral [ Since when we differentiate (2) with respect 
to c we get r^O ]. 

^ — ' Ex. 12. Solve : p t -\-q*=m*. 

This is an equation of standard form 1 hence its Complete 
Integral is given by 

z=ax-\-by-\-c y where a tJ r b i —m i . 

.*. Complete Integral is z=ax-\-\/m*— a* . y+c 

The General Integral is obtained by eliminating a between 
the equations 

z=ax-\- \/m % ~ a* . y+4 (a), writing c—<f> (a) 


and 



• y ( a ) 


[ It is easily seen that Singular Integral does not exist ]. 

Cor. Sometimes change of variables enables us to bring 
equations to the form of Standard I. This can be understood with 
the help ofth^olved examples given below 

^ — E5cT"l3. Solve : x 9 p 2 -\-y* q i =z % . 

The given equation b 


( _£i ^ y+/ 9? y=i 

V x- 1 dx ' \ y- 1 dy ' 

If dZ=z~ x dz so that Z=log z, 
dX=x~ x dx so that X=\og x, 
and dY—y~ l dy so that y=log>». 
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then the equation becomes 




dX / 1 \ dY 

which can be solved as in Example 12 to give the Complete 
Integral Z—aX+y/~l — a* . Y+c x 

log 2= cos a log x+sin a log y +log c, putting a=cos a, 




For iS. /. we have 


*COS« sin« =() 


and -c sin a x cos a / ,D a +c cos a x 008 *y m “ =0 
2=0 is the Singular Integral. 

General Integral is calculated by eliminating a betwen 

2 = 4> (o) x cos y in a and 0=0' (a) x 008 a « 


where 


+ *(a) / ina x C0Sa (-sin a)+0 (a) x 
(a) which is an arbitrary function of a. 

. Find the Complete Integral of 
O'-*) {qy-px)=(p~qy 

Put M=x+y, v=xy 

/. av = 02 . fiz 

dx du dx dv 0x an" 0v 

g= dz =: dz du+dz i? = .?5+* §£ 

aw ay av a^ aw" 1 " av* 

The given equation becomes 

0-*> [ ( §?+* L z ) L 2 +, 8z ) * ] 

L X 0w av / > ?U nV / j 


008 « v 8iD « COS a, 


( Agra 1956) 


=r ??+« k y 

L 0w^ av aw av J 


av j 


• • 


O'-*)* I £-(,-*)• ( ) or **=( L* y 

0W ' dv / \ 0y / 


The Complete Integral is 


• • 


2=aw+Z>v-f-c J where n=5* 
x=a (x-r^-f v/fl x>’-fc. 
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X. 15. Solve l (x-f>>) (p + q) iJ r(x— y) (p—q)*=l. 

(Agra 1958) 

Put y/x+y=X, y/x—y=Y 

dY 


D __ dz_ ‘3z 
P dx dX 

3 z 


3X ,Jz 
dx dY 


a y 


i 


dX 


+ 


a z 


Wx+y 3 Y ' Wx- 


= 1 / 3z , dz \ 

5 'XdX YdY' 


3z \ 


H 3 y 3Y 


3Y + 3z 


P+q= 


3z 


dy 


; p—q= 


3X 


3X 

dy 


_ 1 / 3z _ 3z \ 
2 'XdX YdY' 


3z 


X3X' y * YdY 
Substituting these values the given equation becomes 


( i*. y+( v= 

'a x S ' dY ' 


i 


• • 


The complete integral is z—aXAr \f 1 — a 2 Y +c 


= a\/ x+y + V 1— a 2 y/x — y+c. 
x. 16. Solve : (x l -\-y % ) (p*-\-q 2 ) = 1* (Luck. 1956) 

Put x=r cos 9, y=r sin d i.e. r 2 =x*+y % and 0 = tan -1 y/x . 

. 3 f = a* a/-, a* a# = a* C03 sin 

* * ^ ax ar ’ ax a* ’ ax ar a* r 

also sin C -^-* . 

* 3 .y 3 r 30 r 

Substituting these values the given equation becomes 

3z ' 


'* ( £ >+< I >-» 

Putting dp i.e. p=log r, (1) becomes 


... ^1) 


/ 9f y+( 3* > =i 

\ dp ' ' 30 ' 


Hence integral z—ap+bO A~c> wh ere b=y/ 1— a a 

=a log r+\/ 1 — a 2 +c 
= £ a log (x 2 +y 2 ) + V 1— a 2 tan -1 y/x+c. 
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J. 17. Solve : p m sec im x+z l q n cosec** y^z** 4 **-*- 

Substituting cos 2 x dx=dX, sin 2 ^ dy=dY y z~ lllm ~ n) dz^dZ, 
and therefore X=\ (x+| sin 2x), Y=\ (y-\ sin 2 y) 


Z= ™ ^ gim-n-l) H**—**) f 

m—n—l 


the given equation becomes 

2-lHm-n) g z y" / 

' dx ' ' 


( 


COS 2 x 


lUtn-n) 

sin 2 * 


*-) 
dy ' 


= 1 


“•(STH-Sr)-' 


dz 


dX / 1 \ dY 

.’. The complete integral is 

Z=aX+bY-\-c where a m -\-b n = 1 and X y Y t Z 
have the above values. 

EXERCISE XI (E) 

/ISolve the equations 

pq= 1. p*-q % =\. 



• pq=p+q 


11*14^ Standard II. Equations of the form 

f (*> p> q)=o (i) 

Let us assume a tentative solution z=f {x-}-ay) where a is 
an arbitrary constant 

z=f (JT), where X=x+ay ; 

dz dX dz 


then p— 


dX dx dX 


and q— 


dz 

dX 



Equation (1) becomes 


dz 

dX * 



which is an ordinary differential equation of the 1st order. By in- 
tegrating it we shall get the Complete Integral. General and 
Singular Integrals are to be found in the usual manner. 

Thus to integrate an equation of the form given by (1) pat 


J^-r for p and a for q then solve the equation. After solving 
dX dX 

it substitute x+ay for X. 
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18. Solve : Find the Complete Integral of 

p*=z*{l-pq). 

Pat z=f (x+ay)=f (X), hence we get 

<-&>■-* c i 

or -T-35S2 * 

1 az . 

1 - dz-\r- . , - </z 

2 Vl-f-a 2* V 1 + a z 

l°g (* V* +v / H- flz2 ) + 

V_^Ex! 19. 5o/ve : F/m/ the Complete Integral q 

q % y*=z (z-px). 

Putting — so that ^T=log x 
and dy^dY so that y=log>> 

y 

the given equation becomes 

( -W < ‘~w > 

Let z=/fr+an=/(«) where M = Af + fly 


For pul ~ und for put a 

dX 


dz 

du 


dz_ 

dY 


dz 

du 


... a t(<L*)\ z dz -z>=o 

\ au ' du 

dz — z ± Vz 2 +4a ^z 2 ___z_ / + v / l+ 4 ^_l) 

</u 2S 5 *** ” 

2a* log z= ( — 1 ± V"1 -Ma a ) [ w+log b ] 

= ( ± \/M-4a 2 — 1 ) [ (log *+ a log > 0 +log b ] 
. 2 2a*/(±VTT4P-l) =6xyl 

which is the required integral. 
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EXERCISE XI (F) 
Solve the equations : 


:r 


1. p [l+q*)=q [z-a) 
u3. 2 *(p*+q*+ l)=c a . 
5. JK> 8 z+tf 2 ) = 4. 

^7 


1115. Standard 111. 
the form 


{ Agra 1960) 
[Punjab 1954) 
[Agra 1959) 


; ./ 

2 . 

J: 


p*+q*=Mz. ' r 
z—p m q m . 
x*p*+y* q t =z t 
[Nagpur 1968) 


To this standard belong equations of 


f[x,p)=F[y,q). 

As a trial solution we assume 

/(** q)=a. 

From these equations we obtain 

P=fi (Xy a), q=f t [ y> a ). 

Now dz=pdx+q dy=f 1 (*, a) dx+f 2 (y, a) dy 

• • 2 f fi (*> a ) dx-\- f f 2 ( y , a) dy\-b 

The General Integral may be deduced in the usual manner. 
As in Standard I there is no Singular Integral. 

Ex. 20. Solve: v/ />+v/~^=2*. [Agra 1956) 

We have v /?— i’x=— v/^=A. 

/>=(A+2*) 2 and q=\*. 

Now dz=p dx-\-q dy= (A+2x)* dx+ A* dy 

z-Fc=£(A+2*) 3 +A^. 

Putting c— (A) we get 

z+<t> (A)=£ (A+2x) 8 +A % y ( 1 ) 

differentiating with respect to A 

(^) = HA+2^r) t +2A^ (2) 

Eliminating A between (1) and (2) we get the General Integral. 


Ex. 21. * [(g) +(»)>*+* 

Putting zdz=dZ so that Z=z*/2, the given equation becomes 


p 2 +q 2 =X*+y* t where p= and q=^Z L _ % 

dx 9 y 

P t -x *=y*- q*= a, say 
or />=V * 2 -fA and q=y/ y*—^ 

dZ=pdtx+q dy = V **+a. V J^A 
or i xv/ x a +A+l A log (*+ ^+A) 

A lo s (y+Vy'-\)=z+c. 

^ /* I C* 

The Gcnegral Integral is found in the usual manner. 



partial differential equations 

Aliter. z 2 p’-x^-z 2 q' =a' ( sa V ) 

a /a'+x* _ 

... p=_ ,? * 

Substituting in dz=pdx-\-qdy 
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Integrating 


z</x=v/ oM-* 2 rfx+V /-a* ^ 


z *=xV x 2 +a 2 +a 2 log (x4V **+«*) 




+yv/ y 2 -a 2 -a 2 log (y + V y'-a 1 ) 

X-\~ /x*~^~Q* 

or r 2 =xv/ x 2 + a 2 +3V y 2 - 0 2 +a 8 log _!-== . 

EXERCISE XI (G) ^ 

Solve the equations : 

na - xv ~ (/• A. S. 1950 Raj. 1961) 

P P K?=*+y A , «* r ° 19541 

3. yp=2yx+\ogq. q — x >'P • 


1116. Standard IV. In this class are included those partial 
differential equations which are analogous to Clairaut s form in 
ordinary differential equations. 

In the case of two independent variables they are represented 

by 2 =px-\-qy +/(/>, q) 

The Complete Solution is 

z—a x+by+f(a t b), U) 

for p=—=a and q=^=b 

dx dy 

In order to obtain the General Integral put b = 4> {a) where <t> 

denotes an arbitrary function 

z =ax+y <t> ( a)A-f[a> 4> ( a ]. 

Differentiating with respect to a. 

... o=x+y ♦ ' (a)+/' (a). 

and eliminate a between these equations. 

In order to obtain the Singular Integral, differentiate (1) with 
respect to a and b. 


• °=* + 3 (a' 

" =y+ ¥b- 

and eliminate a and b between equations (1), (2) and (3). 


( 2 ) 


( 3 ) 
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'.y Ex. 22 . Solve : z=px-\-qy+pq. ' ' 

The Complete Integral is 

z=ax+by+ab. (1) 

For Singular Integral we differentiate with respect to a *nd b. 

0 =x+b, 02) 

0 =y+a. (3) 

Eliminating a and b between (1), (2) and (3), we get 
z=~xy—xy+ xy= — xy. 

This is the Singular Integral, as it satisfies the differential 
equation. 

For General Integral, we write b=<f> (a). 

The equation ( 1 ) becomes 

z=ax+y <t> (a)+a * ( fl ). rv (4) 

Differentiating with respect to a r 

0 =x+y *' (a)+* (a)+a (a) (5) 

The a-eliminant of ( 4 ) and ( 5 ) is the General Integral. 

Ex. 23 . Solve : z=px+qy+cy/l+j,*+ g * 

The Complete Integral is ' 1963> ’ 962 ’ Nt *^ ^ 

z=ax+by+cVH : a i +b t . (1 ) 

For the Singular Integral differentiating with respect too 
and b we get v 

ae 


0=x+ 


Q =y+ T7=r 



V 1-f 


( 2 ) 


( 3 ) 


•' +y i+a‘+b' 


or c 3 — x*— y*= 


i +n 2 -f 6 a 


i. e. l+fl*+6 3 = £ 


c a —x a — y a 


.*. fl= - -X 

c V c % —x*—y* 


Similarly b= 


~y 


V c 3 -**-^ 

Substituting in (1) we get 

* 3 +>- a +2 a =C». 
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EXERCISE XI (H) 

Solve the equations : 


1. z = 



PX+jp± log pq. 
z=px-»qy^/f q . 


2. z=px+qy-\-p*+q'. 

(, Punjab *56 ; Agra ’59 ; Nagpur ’57 ) 
^ 4 . z=px-\-qy—n p lln a l,m . 


We shall now consider Charpit’s 
[bd of solving equations with two independent variables. As 
has been mentioned before, this method is to be applied when the 
given equation can not be reduced to any of the standard forms 
because the solution by Charpit’s method is generally more cumber- 
some. 


Let the equation to be solved be denoted by 

f (x,y, z t p, q)=Q. ( 1 ) 

We have also 

- dz=p dx+q dy. (2) 

The essence of Gharpit’s method consists in finding another 

relation 

F ( x *y> Zy P, q)=0 (3) 

such that when the values of p and q, derived from it and the given 
equation (1), are substituted in (2), it becomes integrate. The inte- 
gral of (2) thus obtained will obviously satisfy (1) for the values of 
p and q derived from it are no other than those previously obtained 
from (1). 

Assume then that (3) is the relation of the required type. 

Therefore we may consider z, p t q expressed as functions of 
X and y so that when these values are substituted in/=0, F= 0 they 
are satisfied identically. Therefore their differential coefficients with 
respect to x and y will vanish. Hence 

dx dz dp dx *d, q dx * 


<*!+<>£ 

dx dz dp ax dq dx 



U+U q + d fzp + *1*3=0 

dy dz dp dy dq dy 


*F^.*F q+ d Jl 9^ =0 

dy dz dp dy dqdy 
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Eliminating from the 1st pair of equations, we get 

dx 

( df,df DJh *fdq\dF_( dF d_F djdj \a/ =0 
\dx + dz P *dqd~x'dp K 9* dq F dqdx'dp 


Therefore 

/ dfdF_d_Fdf\ , _/ *fd_F_dFdf \,dq / 

\ dx dp dx dp ' P ' dz dp dz dp ' 3* V d q dp dq dp ' 

( 4 ) 

Similarly eliminating between the last pair of equations 
we get ^ y 

/ 3 fdF dF df \ , „/ dfdFjdFdf \ , dP ( 3/3F_3^ 3/ \ =0 
\ dy dq d y dq ' ^ ' dz da dz dq ' dy ' dp dq dp dq 


dq __ 3 *z _3 p 


(5) 


Now = 

dx dxdy dy 

Therefore adding the relations (4) and (5) and rearranging the 
terms we get 


< ) i-k % + y? > - 4 -< % > t. 


(«) 


dx • dz P dy dz p p dp * dq dp dq 


since the terms involving and cancel. 

dy dx 

This is a linear equation of the first order to determine F. ts 
integrals are the integrals of 

dp dq dz dx dy df m\ 

3 / + 3 / 

dz _ 

Any of the integrals of (7) will satisfy (6). We should take 
the simplest relation involving at least one of p and q for r— , so 
that th£ values of p and q to be derived may be calculated casi y. 

v/ Ex 24. Solve : px -f qy=pq • [Luck. 1950) 

The auxiliary equations are 

dp _dq _ dz __ dx _ dy 

p~ q ~ -p [x-q)-q ( y-p ) Q~ x p ~ y 

From first two terms we get y=aq . 
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Therefore from the given equation aqx-\-qy=aq t 

or q= ^ y ^~ ax ^ and p—{y-\- ax). 

a 

Putting these values in dz=p dx-\-q dy, we get 

a dz=(y+ax) a dx {y -f ax) dy=(y+ax) ( dy+a dx) 
az—\ {y+ax) 2 +b. 

Differentiating with respect to a and 6, we get 

z =x {y+ax), and 0 = 1 
Hence there is no Singular Integral. 

Writing b=<f> 'a), we get 

az=\ (y+ax)*+<t> {a). 

Differentiating with respect to a 

z=x (y+ax)+ 4 ,' (a). 

■ Eliminating a we get the General Integral. 

25. Solve : (p 2 +q 2 ) y=qz. {Agra 1951) 

Charpit’s auxiliary equations give 

dp dq 

—pq (p i -\-q i )—q* 
p dp-\-q dq= 0. 

Integrating p*+q 2 =a 2 . Hence with the help of the given 
equation, we get 

a* y=qz or q= £*>L and p z = a t —?~? % . 

Z 2 * 

Now dz=p dx-\-q dy= * y/z* — a* y 2 dx+ - y - dy 


z dz—a 2 y dy 


= a dx. 


V z 1 -# y 2 
Integrating, we get 

(z a — a 2 y x ) ll2 =ax-\-b . 

The Complete Integral is 

z 2 =a z y 2 +{ax+ b) 2 

For Singular Integral wc have 

Q='2ay 2 +2x ( ax+b ) 
and 0 = 2 {ax+b) 

Eliminating o and 6 between (1), (2) and (3) we get 2=0, 
which satisfies the given equation. 


(0 

( 2 ) 

(3) 
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Writing b —4> (<,) in (1) and differentiating equatipn {!) with 
respect to a 

0 = 2 a /+2 { (ax+* (a) } { x+<f>' (a) } ( 4 ) 

Eliminating a between (1) and (4) we get the General Integral. 

26. Find the Complete Integral of 
px+qy=z [l+pq) 11 ** 

Charpit’s equations give 

dp _ dq or d ± J S 

p- Pd+pq) 11 * 9-9 11+P?) 1 " P * 

p=aq. 

Substituting in the given equation, we get 

q ( ax+y)=z (1 +aq*) lt * 
or q 2 [ (ax+yY-z* a ]=z 


z 

•** q ~ [ (ax+yY-az* ]W» 

Hence we get 

dz=p dx+q dy=[a dx+dy ) q 

. dz a dx-\-dy __ du wherc ^ . M =ax+y 

*• z [ ax+y) 2 -az* ] 1/a [ u*-z a ]* /a 


or 


dt£__ ( M a ~ Z 2 ) 1/a 
*/z Z 


Putting «=vz, we have 

z -v 

dz 


. — = _[ v/v 2 -l+v ] </v 

j V v*— X— V 

Hence the Complete Integral is 

log z+ V -+- + >°g 

2 2 

where v=ulz={ax-\-y)/zy/ a . 
v/ Ex. 27. Solve: p={qy+z)* 

The auxiliary equations are 

dp _ dq d y — 

2p [qy-\-z) 4 (? (£y+z) — 2 ^ (©>+*) 
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^2 = — ^ whence py=a or p= ° 

p —y y 

Putting this value of q in the given equation 

Writing the value of p and q in the expression 
dz=pdx-\-qdy 

*+? t VI- J 


ydz -\-zdy= adx + dy \J -y 



or yz—ax+2\/ay+b 

Ex. 28. Solve : (x a — y 2 ) pq— xy (p 2 — q*) — 1=0 
Charpit’s auxiliary equations are 

dp dq dx 

ixpq-y ( p*—q 2 ) - 2ypq-x (p*-q a ) -{x*—y % )q+2pxy 

= dy 

-(x*-y*) p—2qxy 

using x, y , p and q as multipliers we get 

xdp -\-ydq -f pdx 4- qdy=i) 
or ( xdp + pdx) -f {ydq + qdy ) = 0 
ie. xp-\-yq=a 


( 1 ) 


q-~qy 
x 


we get 


. Putting this value of p in the given equation 
(*•->■) a -=^- 


giving 


_ a 2 y+x 


q= 


a{x*+y 2 ) 


From (1) p=e=™- =£*=?.- 

x a(x*+y») 


Then dz=pdx+qdy= a a '*- j J' l - ) <fc +< g+fL * 


or 


dz=a xdx +ydy, xdy-ydx 
x 2 +y % ^ a(x*+y *) 

z= \ a log (x a +^*) + (l/fl) tan" 1 y/x+b. 


• • • 


( 2 ) 
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v^x. 29. Find the Complete Integral of 

pq+i{px+qy+z)=Q. 

Auxiliary equations give 

op oq 
' /. p=aq 

With the help of the given equation, we get 

aq 2 -\- 4 (aqx-\-qy)+±z = 0 
or aq 2 -\-iq {ax+y)+4z—0 


( Tripos) 


q 2a 


taking one value 


aq=— 2 (a*+>>)+2\/(ax-f.) , ) a — oz 


ap=a* q=—2a (i ax+y)-\-2a\ / (ax+y^—az 

adz=apdx+aqdy . 

=— 2 {ax-\-y) (adx+dy) -\-2 \/ {ax-\-y)*—az (adx+dy) 
.*. Put (ax+y) 2 — az=t* or 2 ( ax+y ) [adx+dy)—adz=2t dt 

_ , . _ . 2 tdt-\-ad 2 

. . 2 adz+2 tdt=t — , 

v/ a +nz 

Putting az-\-t*=u* } so that adz+2 tdt—2 udu 


Now, let 

• 

t=vu 

v+u *- 2 “ v or 

dv 2— v— v* 

• • 

• 

du v 

du_ v 

du v 

dv - v dv 

• • 

u v*+v— 2 

(v+2) (v-1) 

or 

3 du_/ 2 , 
u \vH-2 i 

- l )<b 


.v— 1/ 


Integrating 

^L.=(v-f-2)* (v — 1) or A=(uv-\-2u) % (uv—u) 

A = [t+2u) 2 ( t—u ), where 

t 2 =(ax+y) z —az and u*=(ax-\-y)\ 



PARTIAL DIFFERENTIAL EQUATIONS 


207 


EXERCISE XI (I) 


2 . 


3. 

4. 



Solve the eqaations : 


1. 

2. 

• 

«i 

‘ ^ 

II II 

Mgra ’55, Punjab 56) 

3. 

p'-q'- X - y . 

z 

(Kfysore ’48, /tgra 1961) 

4. 

5. 

z=pq. 

p % +q 3 —2px—2qy + l = 0. 

(^gra 1957, /toy. i960) 

6. 

(P+<l) (px+qy)= 1. 


7. 

8. 

x 2 y 9 z 2 pq % = 1. 

X*>> 5 Z" 3 /> 2 ^=1. 

(/Igra 1960) 

9. 

/?»-/ q=) ?— x 2 . 


10. 

— px 2 — 2 qxy+pq = 0 . 

(^grj 54, Punjab ’54, Afag. ’ 57 ) 


Miscellaneous Exercise on Chapter XI 

Solve the following linear equations : — 

(/) cos (x+y) p- f sin (x+y) q= z . 

W ~~ P+xzq=y *. 

(ii7) (mz—ny)p+(nx-lz)q=ly — mx. 

w y~ z 


y+^ 

yz xz xy 


(Raj. 1954, 1958) 

( Raj. 1955) 

(Agra 1949 ’53) 

(Agra 1950, Raj. 1959) 
(v) x 2 p+y*q=z % . (R . 

$ , W- issi 

?P~*> P+y\ ( z ~*> 9=2’ (jc-W. (Agro ’32) 

'S ifc^5W3as£-««- <**• « 

a w _<;r '*’ ,5 ” 

<""> <*+■-->»'+!*”-» «-*»■+>■ """ '“XiX-S! 

bhow that the complete integral of the diffrr^r^ioi 

£-J|+*->- 0 « ««»““* » fcSlr of pa'raboS'lf'^eX- 

Find three complete integral. of/j^p*.^, 

Fing a complete integral of each of the following 

( (vl hp'i$~J+T b Itf56) ^ 
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(vi) pxy+pq+qy=yz. 

(v/i) pz=l+q 2 . 

(viii) p 3 +q*—2pq z= 0. 

(/*) z=px+qy+ \/ (ap 2 + ftq 2 +y) 
-Ax) • 


( P 2 = l 


(/fay. 1961, 

(xii) p*+q*=x 2 +xy+y*. 

(xiii) 2 (pq-\-py+qx)-\-x i +y*=0. 

[xiv) p 2 ^-q 2 —2pq tanh 2>>=scch a 2 y. 

(xv) p 2 +q 2 —2px—2qy+2xy=0. 


{Punjab 1957) 
(Agra 1958) 
(Agra 1935) 
(Raj. 1951) 
(Nagpur *57) 
Agra 1957, Lucknow *56) 

(Agra 1932) 
(Luck. *49, Agra ’47) 

(Delhi 1959, Agra 1961) 


Find Singular Integrals in Q,. 4. (viii) and (ix). 

Derive by Gharpit’s method the integrals of the differential 
equations of the following forms : 

(i) Pp J rQq=R- ( Lagrange's linear equation) 

(//) F ( p , q)= 0. ( iii ) F (z, p, q)= 0. 

( iv ) f (*» P)—F Cv> q)‘ (v) z=px+qy+f (p, q). 



EXERCISE I (Page 5) 


1- (c) *y+m'y=0 


(b) 


« % >■ «> - 


dx 2 dx 

-2*^-v<'$V=0 


</X 


\ dx / 



(a) 


**L 4-^=0 
rfx 2 + </x • 


( 6 ! 


* $L+» &-xy- o. 

t/x* Jx 


EXERCISE II (A) (Page 8) 


\. 

xy+\ x % =c. 

2. 

j +i **=<• 

8 . 

sin x=y (x+c). 

4. 

x 2 — y 2 — 2xy=c: 

6. 

\ (x*+j>*) +tan“ x y\x = c. 

6. 

x 4 +y 4 -l-6x 2 y 2 =c. 

7. 

9. 

y (1+log x) = l +cxy. 
yfx + sin (l/x) = c. 

8. 

Ml-x a ) = |x 2 -ix‘+c. 


10 (x*+y*+z a ) 1/, +tan“ 1 ^ -f ax 3 +6y*-|-cz=/c. 


11. x*+y 9 +2 tan -1 - = c 

12. log (x*+>» B ) 1/2 — m tan" 1 — =c. 

EXERCISE II (B) (Page 9) 

1. x tan x— log sec x=y tan y— log sec y+c. 

2. 3 (e v —e x j=x 3 +c. 3. y=l+c e llx . 

4. y tan -1 x=c. 5. (x 2 +l) (j> 2 4-1) = <\ 

0. <?*+<?"»+£ x 3 = c . 

7. 2 tan -1 (1 + tan \ x)=c + log (1 + 2 tan h y) 

8. x 2 -fj> 2 +x sin 2x-f>» sin 2 cos 2x + $ cos 2>’=c. 

9. (l+y) (l+e x ) = ce v 

10. (1-j-log y)ly+x* cos x— 2x sin x— 2 cos x=c. 

11. y 1 log y=x sin x+c. 

12. ( log (sec x+tan X) ] 2 — [ lo- (sec y+tan y) ] 2 =c. 
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13. 

16. 


1. 

3, 

4. 


6 . 

7. 

9. 

11 . 

13. 

14. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 

22 . 

23. 


1. 

3. 

5 . 

7. 

9. 

10 . 

11 . 

12 . 

13. 

14. 
16. 


log (xly) - (, y+x)lxy=c . 14. y sin y=X* log x+c. 

tan;y=c (l-e®) 8 - 16 * y^c {l-ay) {x+a) 

EXERCISE II (C) (Pages 12-13) 

*_y+lc g ( x +y)=c. 2: 6>>-3x=log (3x+3.y+2)+c. 

x+y— 4 leg (2x+3.y+7)=c. 

~ tan- 1 [ <x+2y)lxVS]=c+i log (x-y) 


+i log {x'+xy+y*) 

6. x*+.y*=cx. 

8. 2>>-x+c=log [x-y+2) 


xy cos ( yjx)=c . 6. x*+y — ex. 

x=c sin j>/x 8 * 2j>— x+c=log (; 

6v_3x=log(3x+3>+2)+c. 10. ylx=c+\ogy. 
log *=cos l.y/x) + c 12. log y— c-\-x [2y . 

x l y=c % (y+2x) 

y—x=cy/xy 

(5>>-2x-3)<=c (4j>-4x-3) 

(3.y-5x+10) 2 =c {y-x+ 1) 

4 (x— 2>>) =log (4 x+8jy+5) + c. 

cx i =y+\/x 2 +y i 

x i +y i +6x i y 2 =ci 
x*—y 2 =cx. 

xy+y*— 3;y=x*+x+c. 


:an - 


1 |^Z±l^=log ^cy/x^^+x+y+i | 


og (x-y—l)=x—2y-\-c. 

EXERCISE II (D) (Pages 16-17) 


>>=sin x+c/ sin x. 

)X sec x=tan x+c. 

? log x=c+ (log x) a . 
cy+tan -1 y=c. 


2. y= tan x - 1 +c e"^ •. 
4. 2x>»+cos x*=c. 

6. y cot x=c+log tan $ X. 
j> 8. x— 1=1 /y+ce 1 '^ 


[2y =e** (2x 8 — l) + c e x . 
iny=(l+x) (e*+c). 

Jx=e v (1+cx 2 ). 

t *y=c+(2— x 2 ) cos x+2x sin x. 

c=c e — tan_l y +tan“ 1 y— 1. 
cy=c — tan -1 x; 

VH^-c+i log tan tan -1 x). > 

Another form of solution is 


>Vl+x*=c+i log |- 


/ 1 +x 2 — 1 
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10 - - 4 — =_ 1 + c . 

x sin y 2x a 


17. — - =— I-+c 

X log y 2x* 


18. e <»-l)*V2 19 . y. i,. =( _ A 


20. jr*=-l + (e+*) cot ( + | ) ; 

e -.« =( . e (—'Mio * +2 sin J(+ 2 . 

n — 1 

EXERCISE II (E) (Page 19) 

1 x'+y*— 2a 2 tan -1 ^L = c. 2. x+2x*y+2xy* -fy=e. 

EXERCISE II (F) (Pages 24-25) 

1. x/y+ log ( y*/x*)=c . 

2. (a) i x*y*+log (xly)-l/xy=c. 

(6) 2 log x— log y=c + l/*y. 

3. xy4-y a + 2x/y a =c. 

4. ( a ) x % —y l =cx. ( b ) (4x°+2x i y+ $ x* >4+** y 8 ) y=c. 

6. (a) 4 (xy) 1 /*— § ( ylx)*' t =c . (b) x* y 3 (H-2xy)=c. 

Miscellaneous Examples on Chapter II (Pages 25-26) 

1. (x a 4 -y a ) l/a =a sin ( c-Han _l .(y/x) ] 

2. \b-a) log [ (, x+y)*-ab ] = 2 (x— y)+c. 

3. a log ( (x—y—a)/(x— y+a) }=2 y+c. 

4. y=a fan -1 [ ( x+y)/a ]+c. 
ft. 4x-fy4-l = 2 tan (2x-f c). 

6. * logy=e* (x-l)+c. 7. y=x sinh (x+c). 

8. xe un ~ ly =tan-! y+c. 9. x a =2cy-fc a . 

10. x*-y 4 +2x a y a -2a a x*-2b i y*=c. 11. x t ~y'-\=ox. 

12. log (x a -f -y t ) l l*=m tan" 1 (y/x)+c. 

13. y*lx=ay n+i l(n+2)+c. 14. f x*y-l yM-e-^cy. 

15. xg=k 2 l^g cosh ( gt/k ). 

10. y* cos ( x-tan- 1 (1/26) ]+c. 

17. £ e 8v =J e 3 *-fi x*+c. 18. x— 2y+| log (x a -*-y*)=c. 

19. x a y 8 (l+2xy)=c. 20. y (x+log x)+x cos y=c. 

21. A-+y+^ = f e 31 *- 2 '-'. 22. y sin y=x a log x + c. 

23. 1 -e~ 3s =ce** 

24. Pat e x =u } e J —v. Ans. e v =c +e x — 1. 


% 
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25. 

26. 
28. 

30. 

31. 

32. 

33. 


1. 

3. 

6 . 


1 . 

3. 

4. 



1 . 

2 . 

3. 





X+C= log [ 1+tan 4 (x+jO ] _ 

2x=sin y (1 -2c x 2 ) 27. = 3 {axy+c ) . 

x 2 y+e*=cy. 29. cy=e*i* 

y=xl{l-x 2 ,' ,2 +c e - xliX ~ x2)112 
x 2 — y — 1 — x cos y=cx. 

tan y=ce~ x2 +4 (x 2 — 1). 

ax 2 -\-fy 2 + 2bxy +2ey + 2cx = const ant . 

» 

EXERCISE III (A) (Page 31) 

y=c x e nx +c 2 e~ nx . 2. y=c x e*-fc a ***+^3 e~ 

x=c x e' 3 ' 2 >*+Co e~ 4 ‘ 4. y=c x e'*+c 2 e '** 

x=c x e 2 '"*+c 2 €-**•*. 

EXERCISE III (B) (Page 32) 

y=(c x +c 2 x) e*+c 2 e~* x 2. y={c x +c t x) <r* 

y=(c x +c 2 x+c 3 x 2 ) e x . 
y=(c x +c 2 x) e z +(c 3 +c 4 x) e~*. 

EXERCISE III (C) (Page 33) 

y=[c l +c 2 x) cos 2 x+(c 3 +c 4 x) sin 2x. 
y=c x £*+ (c 2 cos *-f c 3 s » n x ) £" 8z 
y—c x e~ al2j r (c 2 cos x+c 3 sin x) e*. 
y=c x e*+c 2 e~ x +c 3 cos x-f c 4 sin x. 
y—{c x -\-c 2 x) cos x-Kc 3 -{-<vx) sin x. 

EXERCISE III (D) (Page 37) 
y=c x e**+c 2 e 2 *-f 4 e 4x . 2. y=c x e*+c 2 e~ 9 — 2— 5x. 

J-=C «*+e, • 


EXERCISE III (E) (Page 39) 


y=e* ( c x x+c 2 )+4 e 5 ^ 2 . 

y=c x e- a/2 cos (4 x\/ 3 -\-c 2 )+e~ x . 

y=e~ px (^ cos < 7 X+c a sin < 7 x)+e**/f (p+k) 2 +q 2 } 

EXERCISE III (F) (Pages 42-43) 

y=c x sin (3x+c a ) + r (cos 2x+sin 2x). 

y=c x cos (ax+a)-f-- sin < 7 X-f-- 2 _^,- 


y=c x cos (2x-fc 2 ) — l x cos 2x+g e*. 
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4. y—Cy e-<*+c t e-+c 3 e -.._ £2li£ 

7 1 2 3 1*6 600 

6. y=Ci e tr +c a e' 2 ®— pt sin $ x. 


6. y=c e~*4-e* rt ( c x 


\/3 . . v/3 

cos_x + c 2 sm-i_ x 


) 


.sin 3x+27 cos 3x 1 , sin x— cos x 
730 2 * 4 

EXERCISE III (G) (Page 45) 


1. 

2 . 




3. v= 




Cj-j-Cg €*» COS 'x+C,)-fr X. 

(c x +c, x) e*+c 3 e~ x +x+l. 

c l+ c, e-'+c x 


4. ^=C! + (C 2 +C 3 x) e"*+-^ <? 2z + i * (2x a — 9x + 24) 

- 1 o O 


EXERCISE III (H) (Page 47) 


1. y =((c x -\-c z x + c 3 x 2 ) e g +c 4 e~ 2 *-f ~ x^> T . 


2 . 

3. 

4. 

6 . 

6. 


y*=>e x (cj cos -X + c 2 sin 2x)— _ e ** (cos x — 2 sin x). 

>»=C! c* feus ^/3 *+c 2 ) + i e* cos x. 

^= 0 ! e x -\c z e *+£ (2 sinh x— sin x— cosh x cos x). 

_y= Cl <?-*+c 2 e _2g -t-c 3 e 3g — A e 2x ( x+\l ). 

^ x 12' 

^=^1 <?~ x/a c °s x+c 2 )+c 3 e x ' 2 (cos i y/3 x+c 4 ) 

+ax*— 6 <r® (!) sin 2x+20 cos 2x) 

• y= e '‘( c '+L x '-l')+ 


c, e 


Miscellaneous Examples on Chapter III (Page 50) 

1. y=(c l -\-c i x) e~*+l (x— 1) sin x-f-1 cos x. 


/ 
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2. jF—fo+c* x) sin x+ (c a +c 4 x) cos x+i x* sin x 


+A- ( 9 x'—x 1 ) cos x 

3. y=c x e"“-f c t e*+c s cos (x+c 4 )+£ (x* cos x— 3x sin x). 

4. y=[c x +c t x) e r — e* (2 cos x+x sin x). 

5. y—e ** (Ci+Cj x-f-3 sin 2x— 2x* sin 2x— 4x cos 2x). 

6. y—c x cos x+c, sin x+| e~*+ J x sin x. 

+ x*— 6x— y e* (2 cos x— sin x). 

7 i y=e-** [ { cos (xV3/2) } (i x+ Cl ) 

+{ sin (xy/Tfi) } ( c,+± V3~x ) 

+c 3 e* 12 cos (x\/3/2+c 4 ). 

8. >’=(c 1 +Cj x+i x*) e*+(c 3 +c 4 x) sin x. 

+ (c 6 +c 8 x) cos x-i- x* sin x+J. 

9; y=e“ V 1x12 cos ( i- x+c a ) 

+c 8 e V? X ' 2 cos ( x+c 4 )+xM-I§- 7 

10. y=A cos (x— a)+-|— A- cos 2x— A x cos x+-A sin 3x. 

Z L 4 10 

11. cos (x— a)+i? cos (3x— jS)*— 3x cos x+x cos 3x. 

12. ^= 0 ! e~" cos (3x + c a } + 6 cos 3x— sin 3x . _y=l. 

13. y=— x* cos x+3x* sin x. 

14. y=e~* (c x cos x+Cj sin x)+c 3 e s * cos (2x+c 4 )+c 6 e~* m . 

EXERCISE IV (A) (Page 53) 

1. {y— 4x— c) (y—3x—c)=0. 2. (y—'Jx—c) (y—3x—c)—0. 

2. [y— 6x+c) (.y— 3x+c)=0. 4. (2y—x t —c){^y+3x i —c)—0 

5. y (1 ±cos x) = c. 6. \y—e*—c) (y+e~ m — c)=0 

7. (2jy+x*-c) (.y+x+l-c e*)=0. 

8. (y— x+c) (x a +.y a — c*)=--0. 9. (2y—x t —c)(2x—y 9 —c)=0. 

10. (y-x+c) (xy+c)=0. 11. 343 Cy+c) s =27ox 7 . 

12. (2j»+x a — c) (x+log y — c)=0. 

13. \2y—x % —c){y—cc x ) (.y+x— 1— c e~*)=0. 

14. (y+x— 1+c e' a ) (2xjy+x a +c) (^+x*+c)=*0. 

15. (y—c) (xy+cy—1) ( y—c e 1 /*)=0. 

16. (y— cx*) {yx*—c)= 0. 



ANSWERS 


215 


17. {y— c) C y+x*—c) (l+xy+cy)=0. 

18. y' (l-y) = (x+c)\ 

EXERCISE IV (B) (Page 55) 

1. y=3x— a log (£ — c e**l a ). 

2. x=p (c+cosh -1 p ) {p}— 1) _1/ * ; with the given relation. 

3. a ( log (l+P a ) -1/8 (p— 0 — tan -1 p ] ; with the given 
relation. 

4. x=4 p*+l p~*+c ; y=3p*+p~ 1 11 . 

5. Q7— 1)* X=C—p + \og p ; (p- 1) 2 y=p 2 (c— p + \ogp)+p. 

0. 2y=cx 2 -{- const. 

7. >>=log (p*+p) ; x=2 tan- 1 p— p~ l + c 

8. cos [ { V(l— c a -f 2cx— x 2 ) —y }f(c—x ) ) = c — x 

9. y=(x-\-c) tan £ x. 

10. x=tan p-\-c ; with the given relation. 


r 


1 . 

2 . 

3. 

4. 

6 . 

7. 


EXERCISE IV (C) (Page 56) 

y=p-\- (c-fcosh -1 p) (p 2 — 1)~ 1/2 , and the given relation. 

(2 x—b) c-y'—ac*. 

y—c—a log (p— 1) ; x=c-\-a [ log p — log (/> — ]) ]. 
y 9 =2cx+c*. 5 y — c=y/ x— x 2 — tan -1 Lz? 

2y+c=a [ py/l+p 2 — log (p+Vl+P*)* x=a\/l+p 2 . 
log y=cx+c 2 . 


EXERCISE IV (D) Page 57) 


1 . 

y=cx-\-ajc. 

♦> 

. 

y=cx+c — c 2 

3. 

y=cx+ac (1— c). 

4. 

y=cx+{l+c 2 yi 2 . 

5. 

y=cx+ y/(b % —a 2 c*). 

6. 

( y—cx ) (c — 1 ) = c. 

7. 

xc 2 — y c + a== 0. 

8. 

y=c ( x-b)-\-a/c . 

9. 

y=xc+c 3 . 

10. 

y 2 =cx-\-c 2 . 


EXERCISE IV (E) (Pages 65-64) 


1. y*=2cx+c t . 2. + 

3. y=x sin (log cx). 4. x 2 -\-y 2 =cx. 

6. y (1 +p*) 9 l t =c ; the given relation 

0. (x+e) (p 2 -\r\) 2 =a (p l — IV the given relation. 

7. tan -1 yfx-\-c=vcrs~ l 2ay/x 2 -\-y 2 . 

8. y=4c icxy - f I). 

9. (2 y—x'—c) (^-fsin x—c) (y 4-2 cos x+A:) = f>. 

10. sin- 1 yfx+nin- 1 l/x=c or (v — rx a ) a =(x a — 1) (x*— y 8 ). 

11. i log (^-f-W^-Vtan- 1 yfx=c. 

12. c*+2cx (3o a y 2 — 8x 2 ) — 3a 4 x 2 t 4 -fa« v®=0. 

13; /=cx’-fc*. 
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DIFFERENTIAL EQUATIONS 


14. 

15. 

16. 

17. 

18. 

19. 

* » 



21 . 

22 . 

23. 

24. 


26. 




1. 

3. 

5. 

6 . 

7. 

8 . 
10 . 

11 . 

12 . 

13. 

15. 

16. 

17. 

18. 

19. 

20 . 
21 . 
23. 

25. 

26. 
31. 


(y— sin -1 x/a—c ) (y—c os- 1 xja—c ) Wy—y/x—c)=& 
c* (x 2 — a 2 ) — 2cxy+y*+a 4 =0. 

x (1 +p 2 fi 2 =p [ c+a log (p- f-v'T+F) ]- 
(y— cx 2 ) (/+3.y 2 — c)=0. 

a 2 c 2 —\2acxy-\-Zcy z —l2x 2 y 2 -\-\Qax^—0. . 

x=a log [ ay+^/icP+y'-l) ]-f- log [ y-V («*-!->* — l)-]*fc.v 


cA 


y ' =AX * + b + aA " 

x=a log [ V (a 2 +4by)— a ]+y/(a 2 -\-4by)+c. 
( y—c e* ) (^+6*-c) (j-x 2 -c)=0. 
y-\-~y z —% x 2 x 9 =c. 


y=cx±\/(l—c 2 ). 


25. xy— — —2 log v 
xy 


=c. 


y=2c\/x-\-f (c 2 ). 
y=cx*-\-xf (c). 


27. /-c+ 


a*=0. 


Ac) 

29. xy cos (y/x)=c. 


y=cx 2 — 


c+1 


/t 2 . 


EXERCISE V (Pages 76-77) 

x 2 (y 2 -4x 3 )=0. 2. y 2 =ax 2 . 

/-f ro 2 x 2 =w 2 . 4. A 2 =4y. 

No singular solution, x=0 is the cuspidal locus. 
x=0, x=l, A' =2 are singular solutions 
X= 1 +l/y3 are tac-loci. 

4j3_|_27 x 3 =0, also x=0 is partly singular solution and 
partly cuspidal locus. 

6y=x 8 ; x=0 is cuspidal locus. 9 y 2 =l. 

y=i is the singular solution, y=0 is nodal locus and >>=1 is 

tac-locus. 

A'=0 is sing, sol., x=J tac-locus, x=l nodal locus. 
a= 0 is sing, sol., x— a tac-locus, x-f 3a=0 nodal locus. 

y\= x *- n . . , (3y+x) (y-*)=0. 

a +4y=0 is sing, sol , x=0 is tac-locus. 

>’=0, y-f 4x a =i>. 

x 2 +y*=a 2 is sing, sol , x=0 tac-locus. 

x 4 — 16y— 0, y=0. 

No sing, sol., y= ± 1 cuspidal locus. 
y+**=0 is cuspidal locus, no singular solution. 

4/ A 8 =27. 22. c**+e**=l, 

4ax*y 8 -f(x 2 -ay 2 - 6) 2 =0. 24. 4y-fl=0. 

y=cx ± V ( a 2 c*-f 6 a ] ; b 2 a 2 -fa* y 2 =a 2 b 2 is sing, solution. 
y 2 =cx 2 +c/(c- 1). 27. Put a *=X,y*=Y. 

ab (xy— 1)— £x-fay=0. 
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1. y= 


1. 

2 . 

3. 

4. 


EXERCISE VI (A) (Page 81) 

c x x+c 2 +x~* . 2. y=x (Cj+C, log x)+2 logx+4. 

c x x~ x +c t x^ 2 +c a x~^ 2 


3. y 

4. x*+c t +c a log x. 


6. >>= 


6. y= 


c x x+c 2 x»+c 3 x 3 -^ - L (log x) 8 -~ log x. 


V21/2 -V2I/2 

T C3A 


)-4 


>> 

>> 


1. >= 
2. 7= 


C x X t -\'X 5l2 ( C 2 X , _ ... 

\ ' 5 

EXERCISE VI (B) (Page 83) 

c x x*+c a x _ 1 +c 3 
[ c x +c 2 log x+c 3 (log x ) 8 ] X 8 
x [ c x cos (2 log x)-\-c t sin (2 log x) ]. 
c x cos (log x) + c 2 sin (log x) + c 3 . 

EXERCISE VI (C) (Pages 93-94) 

y/x [ Ci cos (1V-3 log x)-f c 2 sin (J-v/3 log x) )+x 2 

Cl ^* + C,X->+ » 


3. y= 


12 . 

13. 


15. 

10 . 

17. 

18. 

19. 

20 . 


(c x +c 2 log x) x~ 2 +- X 4 . 4. c x x 8 -fc 2 X*+J X 4 . 

3b 


C x X 4 + C 2 X~ 1 -f-x X 4 log X 0 . y = c x X + C 2 X" 1 +X m /(/rt 8 — 1 ) 

X? (c x +c 2 log x)+x m /(m-2) 2 
Ci+c 2 x- 1 — log x+i (log x) 8 
c x x~ l +c 2 x~ 2 +x~ 2 e*. 


5. y= 

7. y = 

8. >>= 

9. 

10. y=c x x+c 2 x" 3 ' 8 + £ x / (X/x*) dx-{ x- 3 ' 8 / x 1 ' 8 Xdx. 


11. y= 


y= 

y= 


c x cos (log x)+c 2 sin (log x)+e 3 4-^- x*. 

(c,+c 2 log x) coi (log x)+fc 3 + c 4 log X) sin (log x)+x. 
x- 1 [ c x cos (log x)+c 2 sin (log X)+J 0 x 8 + T # 0 x — 2 + c s x 1 


14. y=c x x- 6 +c a x 4 --(i 


*‘+i *+a>- 


>’= 

y= 


y= 
y 
y 
y 


X 2 [ c x -\-c 2 log x+c 3 (log x) 8 ] + | x 8 (log x; 3 — 1/(64 x 8 ). 

X [ Cj-j-Cg log x+c 3 (log x) 2 + c 4 (log x, 3 ] 

+x (log x) 4 /4 ! -f log x— 4. 
x [ c x cos (log x)-f-c 2 sin (log x) ]+x log x. 

— x 2 [ c x cos (log x)-f-c 2 sin (log x'i]— h x 2 [ log'x cos (log x)] 
c x x- 8 -fx ( c 2 + c, log x — (log x, 2 / 8-f log x) 8 /12 ] 

(Ci + c 3 log x) cos (log x) -f(c 3 -f-c 4 log x) sin (log x) 

+ (log x) 8 -f2 log x— 3. 


213 


DIFFERENTIAL EQUATIONS 


21 . 

22 . 

1. 



3. 

4. 

5. 


6 . 

7. 

8 . 

9. 


10 . 

12 . 

13. 

14. 

15. 


16. 

17. 

18. 


19. 


1. 

3. 

5. 

6 . 

7. 

8 . 



y 

y 


‘(5+2*)* [c x (5+2 x) V2 +c a (5+2*) “V 7 ]. 

c i+c* log {*+!) + [ log (*+l) j 2 +* 2 +8*. 
EXERCISE VII (A) (Pages 104-105) 


y=x<r*' (f Cl x-'e**dx+c a ). 

(y-l)=c, f e* dx+c,. 
y v'(l+x , )=c 1 log (*+Vl+j?J+c,. 

y~ x ~ [ c x cos (log a:) + c 2 sin (log x) J 

+ 1/30 x*+3/10 x-2 +cjx). 

^ =c i ** S e ^ X x~*dx+c 2 x^ f e* x% x~ 9 dx-\-c % x*. 

** y~\ f e 2e x 3 dx+c x f e 2ea dx+c x . 
y {x-\)*= Cl (A: 4 -6A: 8 +2x-i)+^ 3 (c*-4c x \ogx). 
y~ C l (4x*~-2x*— § X— $)+A^ (x— 1) [ c 2 — 4c x logxf(x 
y=c x x+ V(l-x') (C a -sin-i X) or 


-1) J. 


y-f 1 1} 1 C '~ ] °Z (*+V*-l)]. 

vi n m T C ll° 8 X+e l + f' 1L y' =c ' x + c *' 

yx=(l/6a) x*+c x {a -bxf+c 2 . 

y~ c i sin a at+c 2 cos x— c 3 sin 2 x Jog tan lx. 

*!*+** y x +x* y=x*+c x . _ ‘ 

X s y 6 — 4x* .ft +16 a: 3 >> 3 -4e** y 3 +9Gxy x 

— 9Gy+xy=x log x— x+c x 

x* y 2 + x * y x +x» y=x*+c. 
x yi+Zx(l-x)y=l * 3 +2 log x+5/x*. 
y*— / / ‘X) dx+c„ xy 2 y x — f x f (AT) dx-\-c ti 
X* y 2 -2xy x +2y= f x*f{x) dx+c r 

’■ &- g+v-,. 


EXERCISE VII (B) (Page 106) 

y=i x*-sin x+c x x+c 2 . 2. y=(x- 2) e--yc x x+c n . 

y~ log sec x +c x .v+c 2 . 4. log at+C! **+c 2 a:+c 3 . 

y=ax log at+Cj x+c 2 . 

y=c x a: 2 +c 2 *+c 3 +)/12a; 3 +1/16 sin 2 a:. 
y—\x y/(a 2 — Ar a ) + ln a sinh -1 x/a-\-c x x-\-c t 
— log x 4 (log xf+c x at+c 2 . 

EXERCISE VII (B) (Pages 107-108) 
y=c x sinh (*+c 2 ) 2. (c x x+e t )*+a-c x y\ 
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3: ax=log (_y+v>>*-f-Ci)4*c 2 or y =c i *"+ c s • 

4. V2ax+ C ,=f 

5. _y= + coth 6. >»=log sec x 

EXERCISE VII (D) (Pages 109-110) 

1. >'=c 1 / e* x% dx+c 2 2. y=c x + cosh (x-j-c*). 

3. >’=c x £~*+c a -4-$ e*. *- 4. y=c x log x + c 3 . 

5. ^=c x x 3 +c a x+c 3 . * 3 - 2ay+x % =c x Va x — x*+c 2 . 

7 - >»=c a — ax + c x log [x+\/(l+x*)]. 

8. >»=ax+c 1 [ sin -1 x+xv^l- x*))4-c a . 

y=c l +\og (x*4-c a ). 

10. y=c t e* (x— l'+c x x+c x f x e* f x -1 er * (</x) 2 + c a . 

H. >»=i c x , +x/(c)+c 1 . 

12. y=c x log x-t-c 2 +x n+1 /i/i-H)* 

13. y=c x y/{a t -x t )+x t /{2a)-\-c t . 


EXERCISE VII (E) (Page 112) 


1. 

c\-\-y _ £ .c 1 (x+c t ) 
c x -y 

2. 

y* = X*-f C x X+C a . 

3. 

y=Cl e x l c * - Ct . 

4. 

sin (c, — 2y/2y) = c 2 e~ tm . 

5. 

7. 

er cv =c x x+c*. 

^+Vi + a* c*=c i e®*. 

6. 

y*-\-x t + c 1 x + c a =0. 


EXERCISE VII (F) (Pages 113-114) 


1. 

2 . 

3. 

4. 
6. 
7. 
9. 



a log (y+c 2 )=x+c v 

ay=k [ xy/ x* + c 2 +c 2 log (x+\/x*+c*)+*i )• 

15>>=8 (x+c x ) a ' J +c a x+c 3 . 

c e-»=cos (x+c x ) 5. 2 c x y!a=c x % c mla -\-e- mlaj rc t . 

y=b-\-(l/k 2 ) log ( sec ok (x— c) ]. 

^+c a =a cosh (A‘+c,)/u. 8. y=log sin (x— c x ) 4-<v 

Value of /» is given by the relation v. 

log cx=| />* + * pv/F+pHj sinh -1 p. 


y= 


*5^ + -£1- 

«1 t./t— lj! 


<«+!;! 


+c 2 x r, -*4-c 3 x ,,-3 + ... -f c„_j x+c, 


EXERCISE VII (G) (Page 115) 

1 . y—c x e* ,a +c t e~*J a +c 2 x-f c 4 . 

2. y=c x sin (<7X-f c t )4 c, x-f c 4 . 
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3. y=c x e"*+c 2 ^’•+c a +c 4 x+c 6 x 2 +_i — ... 

a\a*— n*) 


4. y=c x +c 2 x+x*i* (c 3 x* Vl +c 4 *-*•/! -4a* ^ 

. where a<\ ; 

y~~ c i + c 2 ^ 4*^3 x /a cos (i\/4fl 2 — 1 log x/cj, where a>$. 

5 t y=c 1 +c t x+x 5 i* (c 3 x W4x+i +c A 

EXERCISE VII (H) Page 118) 

!• y=nx log f c x +cjx). 

2. log x=c x yjx + c x a log (y-c x x) -c x * log x-f- c e . 

3. y=x (c x logx + c 8 ) a . 

4 ‘ ^ 6 ~J Iwll + s^+^r-^-j +Ca 

where ~=zs t y=xz f x=‘e d . 

dtf 



6= f e l + ( f!_ z)i + c a> where x=e 0 , j>=zx*. 


6. 0= / (c x e*— 4r— 2) _1 dz+ c 2 , where x=<?° , y=x* z. 




2 . 

4. 

5. 

6 . 

7. 

8 . 
9. 


10 . 

11 . 

12. 

13. 

14. 


0—f ( c i e*+4z— 1) 1 dz-\-c 2i where x=e 0 y=x~ 2 z. 
Miscellaneous Examples on Chapter VII (Page 118) 


\Z2e v + c 2 —c 
V+e*i -c 2 +c 


or = Vi 
c—x 


or 2e*=c a sec 2 ($ cx+c x ) 


according as the first constant of integration is c 2 , 0, or — c a . 
y=c x sin (ax -4 c 2 ). 3. y=c x e*' a +c 2 x+c 3 . 

y=\x 2 log X-f-Cj x 3 +c 2 * 2 + c 3 x+c 4 . 

>» = (1/12) x 3 -f (1/16) sin 2x+c x x*+c 2 x+c 3 . 

2x='2a'l* (j*'«-2 Cl ) (^ l/l +c 1 )»"+c 1 . 

>’v/l-t-x 2 = c 1 sinh -1 x-f-Cj. 

(*+Ci) a +(;F+c 2 2 =a a . 

sin ((x+c t )V(l+cO] + V{l/c x +i) cos y = 0. 


>>=« ** ICji+f,, 

j» = (sin -1 x) 2 +c x sin- 1 x-fc a . 

16 Cj* j»=4 (c, .Y+n 2 ) 3 -' 2 +c 2 x+c 3 . 

See Q.. 7. VII (E). 

y (x a -4)*=x 4 -l2x a +c x (I x* 7 *— 4x log x)+c 8 (x a +4)+c, x. 


i 
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1. 

2 . 

3. 

4. 

6 . 

6 . 

7. 

8 . 

9. 

10 . 

11 . 

1. 

2 . 

3. 

4. 

5. 

0. 

7. 

8 . 

9. 

10 . 

11 . 


y= 


EXERCISE VIII (A) (Page 125) 
c x x+c 2 X J x ~ 2 e^ x *dx+\. 


Ci e*+c 2 (x*+3x 2 +6x+Q) 

e* log x+ci e* f x- 1 e * dx + c 2 e*. 


y 
y 

y _ 

y=Ci e Sx (4 a: 3 — 42 * 2 +150 x-183). 


=c, e 


(x+l) 6 -fc 2 e *— i x e x . 


= Cl X f X 


- 2 «-** 


dx 


~\~x 


/ 


*- 2 e-**‘ 


/ 


Xxe 


* * 2 


(dx)*. 


y=Ci e*+c 2 e~*+c 2 ( e* J e* x *~ x dx-e~ a J e* x * +x dx ) 


* 2 + c 2 x + c 2 ( x 2 / e-* / x- 3 e-» </*) 

*+(* a +c 2 x) e x . 


y= Cl e°‘ + c ie °* J e iax, ~ 2ax dx 

y=Ci (x*+a)+c 2 x. 

EXERCISE VIII (B) (Pages 128-129) 

( Ci e x ^ 2 + Cj e -** 2 ) 

„_ c i sin nx | c t cos nx 

X X 

xy—c x e n *+c 2 e~ nx . 
y=c e* bx% sin ( x\/b-\-A ) 


y=c e* bx% sin (xy/b+A)+e* bx * { ( x e~* x * b ) | 

y=ce~ x * lH y/x sin (i\/3 log x+A) 

y=e* a (c x cos log x-|-c a sin log x) 

y=(c x sin a/6 x + c 2 cos y/6x) sec x+± e • sec x 

y=scc x (c x e ax +c 2 e~ ax ) 


y='i ( 


sin nx 
nx 


. cos nx \ . / c( 

+ - 


cos n> 


nx 


y sin nx=c x cos mx+c 2 sin mx 


sin nx \ 
n*x* ) 


12. y=(c l x*+c 2 a:- 1 ). e Vx 

13. y=x n (c x cos ax+c 2 sin ax). 

14. y e~ x ' 1 = c x e x +c 2 e~*—l. 
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FXERCISE VIII (C) (Pages 133-134) 

1. y<=c x sin (sin x+c a ) 2. y—c x cos a/x-\-c t sin fl/x. 

3. y = c x sin ( n\ / x a — 1-fa). 

4. y=c x cos ( m sin -1 x)+c a sin ( m sin -1 x) 

5. y=c x e * -f c a e 

6. y=c cos (log tan £ x+A) 

7. y=c x cos (2 tan -1 x)-fc a sin (2 tan -1 x) 

or y (1 +*•):=*! (1— x*)+c t x. 

8. y= Cl e 1 "- 1 ' ,an * +c,e-"« ax - 

9. y= Cl e 2cosx +c, e cos * +e““ s * /6. 

EXERCISE VIII (D) (Pages 135-136) 

1. y=c x e^+Cj e** / e 2l3x ~ ia dx 2. y=x*+c 1 x 2 +c t x+c 3 +c i <r®. 

3. ^=c 1 e*+c,e* f e ~ 2x+x ' 1 dx- 1 «- * 

5. c (2x+5)+6 «>■ 

EXERCISE VIII (E) (Page 140) 

1. y=a cos x+b sin x+x, 

2. y = (a — x) cos x-f v^+log sin x) sin x . 

3. y=( a— log tan (£ tc+x) ] cos 2 x+b sin 2x. 

4 . 

5. >>=[ a— e“*+log (1+e-*) ] <?*+[ 6— log (l-fe*> ] e - * 

6. y (1— x a )=a cos x+b sin x+x. 

7. ;/=x*+x-f § x 4 -fc x xe 2x +c z x 8. >’=a e x +bx— (1-fx-fx*) 

• Miscellaneous Examples on Chapter VIII (Pages 141-144) 

2. (i) 2^=x (Cj tf 2j, 4-c a -*) («) (x a -a)-fc a x 

( ii) y=cx sin (nx+a) (iv) y=x+{c x x-fc a ) e~ xtn 

(v) y—c x sin ( ^L+a ) 

(vi) y=c c os(^±^£.) 

( v '0 J'= cos kg ~-*+a } 

^vi7i) ve^-P- / (2x— I) iog (2x— 1) dx 

— j‘ (2x— lj e~ ix j 2 e' ix log (2x— 1) {dx) 2 — c, x £- 8xJ -c 2 . 
(ix) v=Ci x-rc 2 x~ l -f x 3 . 

(x) v=c _1/(2i)2 [ C cos (2x-ra) + i x ] 

3? >’=(1— x-) (Cj~c. lop : v=(l — x 2 ) (xf^+c* log x). 
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4. y=x*+A^ sin (x+a)+-i cos (x+a) ^ 

5- (0 y-{c x x*+c 9 x-*)/(x-2). 

(fi) y=e**+(c x * 3 +c a ) e * (*//) y=c/x+c x ( x+l(x ) 

(/ V ) y= Cl * 3 +c,x- 3 

(v) y= Cl e aSiQ - lx +c 2 e~ a siD ~ l * 

(vi) y=c x x 2 +c 2 sin x 

(vlii) y=c x sin (x 2 +a)+$ x 2 (vizi) y=e 2x 

(ix) y=c x cos (m sin -1 x)+c 2 sin (m sin -1 x) 

(x) y=c x cos [ 2(1+*) e~" ] + c, sin (2(l+x) <r*] + (l+x)e-* 

(xi) y= l+e- xt/2 

0. (i) y = A' (2x+5)+5' 

(ii) y=c x x+c 2 (x sin -1 x + \/l— x 2 ) — $ * (1— x 2 ) 2 ' 3 

9. /=-}. 

1 EXERCISE IX (A) (Pages 153-154) 

1. x=Cj cos oit-\-c 2 sin col : >»— c, sin col — c a cos wt ; 

locus is x 2 -*-^ 2 — c 1 a +c t *, a circle. 

2. x=c x cos f+c 2 sin t ; >>= — i (ej+3c a ) sin f+| (c a — 3c x ) cos t. 

3. x=r x <r a ‘+c 2 <r 7 ‘— 31/196 + 5/14 t — 1 e * ; 
y= — lc x «-«+<?, e -7 ‘+9/98— 1/7 1 + 5/24 e % . 

4. x=cj e^‘+c a <r 7 *+7/40 e‘+ 1/27 <?“, 

>>=i c x e- 41 — e-«+l40 e‘-f 7/54 <> at . 

5. x=Cj «r‘+c a e~ 8, + 19/3 1-56/9-29/7 <?\ 

Cj <r‘+4c a <r 8 ‘-17/3 1+55/9+24/7 
0. x=c x e -u/8«+3 / _2, >>=3+51+6/19 c x <r 11/8< . 

7. x=l/10 e-‘ (10 cos 21-sin 2f)-4/5 e' w . |i 
y=\fTG~e- t (21 sin 2/— 8 cos 21) +4/5 «-«. If 

8. x=<?‘ 04+5i)+<r‘ (C+Z>l) -23, v- 

y=e t {A x +B x 0+*"' (Z) x + Z) x /) + 18 
where A x =i (B-A), B x = ~i B , Cj = — * (C+Z>), Z)^ — \D 

9. x=(c 1 +c a l) <?‘+c 3 e" 3 ' 3 '-* /, 

y= — 2 ( (c x +c 2 l— 3c a ) <? f — i c 3 e-*™— J. 

10. x=e -4t (c x cos f+c 2 sin /) +31/26 e* — 03/17, 

>'= — (c x +c a ) e -4< cos l+(c x — c a ) e~ u sin 1—2/13 e f +6/17. 

11. x=(c x +tV) t' +c 3 

y=(3c,-2c x -2c t t) e a ‘-i c 3 

12. >'=(c 1 +c 8 x) e*+3c 3 e" 3 ' 2 *— £ x 

z = 2 (3c a — — c a x) e 3 — c 3 + 

13. x=c x /+c a I -1 , >>— — Cj r+c 2 r 1 . 

14. x=c x cos V3/+C a sin \/3t J rc z cos \/2/ 

+ c 4 sin W2:— 49/1452 c 3 ‘+5/66/ e**— 1/12— i cos 2/ 
y=-— 3c x cos y/3t— c A sin \/3l — 2c i cos \/2l 

-2c 4 r /2I + 1/66I e 3 ‘ + £-23/l452 c 8 ‘. 
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15. xt=c x cos sin /, yt l =c z +2 (c a cos t-c x sin /) 

-f/ (Cj cos /+c, sin t). 

16. {l x x+m x y-\-n x z+r x Ar 1 ) Al 

=A (/, x+m a y+n a z+r a A 2 _1 ) Aa 

=B (/ 3 x+m z y+n 3 z-fr 8 A 3 " l ) As » 
where \ 1% A a > A a arc the roots of a — A o' a" =0, 

b b'- A fc" 

c c c"— A 

r=ld-\-md'-\-nd" and /, m, n be so chosen that 
a/-fff'm+fl"/i=Ai /> A/4^V7i+Z>' , n=A 2 /n > c/+c'/n+c ,, rt=A8 «• 

EXERCISE IX (B) (Pages 160-161) 

1. x—aiy y=bz 2. x 2 =z 2 4-n, x 3 =/+6 

3. (z-x), {x-yy {x+y+z)=b. • 

4 . x 9 —?=*<P, x*+3lz=b 5. >>=flz, x a +r+z a =0*. 

6. z=n (2 + x +;>>), z (x-^)=6. , 

7. y-x=axy t z =^.l°g^+^ 

8. > 2 -rZ 2 =fl, log 6x=tan -1 

9. / a x+m 2 >»+n* z=n, / 2 x*+/« 2 >> a +n a z*=b. 

10. z— x 3 sin (y+2x)=b, y+2x=a. 

11. ^ 2 -b>» a +z 2 =a, >’*— 2 >»z— z 2 =^>. 

12. y—3x=a, 5z+tan (y—3x )=b e 6x 

13. y=Ax,#-=B[z+V*+?+*} . 4 , 

14. yz=ax , x 2 -f>> 2 -}-z a =& 15. *y=a, (z a -f x.y) a — x 4 =6* 

16. xj>=n, a^+^ + U+J') z=b. 

17. y-x=Ct (z-x), (y-x)=c 2 {z—y). 

18. x* (x a ->' 2 j = -2/z+2^. 

EXERCISE X (A) (Pages 167-168) 

1. x+y+z^c 2. x 2 +/+z 2 =c 2 3. xyz=c 

4. c’ (.y-fz)=c 5. x—cy—y log z=0 or z e~* lv =c 

6. x 2 +2 .yz-f 2 z 2 =c a . 7. x.y-f-j’z-f-zx=c a 

8. xy*—cz 9 9. xy=c (a+z) 

10. a\x 'rbly+clz=c x 11. (x+>’+z) e*=c 

12. x.yz-fx 2 -{-.y 2 +z a =c 13. x 2 +j 2 -f-z 2 =cx 

14. x V=c 2 e' 15. (x+a) ( y+b ) (z+c)=A 

16. Vx 2 +y' iJ rz 2 -\-tan- 1 xlz-\-ax a +by°--\-cz=A 
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17. 

19. 

21 . 

22 . 

23. 

24. 

25. 
27. 


1. 

3 . 

6. 

7. 


1. 

3 . 

4 . 

5 . 


1 . 

3. 

5 . 



18. ax—cz=A ( ay—bz ) 
20. (x+y)* (y+z)=c. 


z=*(x+c) (y+a) 
ny—mz=c ( nx—lz ) 

(x+2y) (y-z) t =c 

x*+2y*-Gxy-2xz+z*=b 

x* y*+a x 4 z*+y*+ z '+ 
x.y+y*z - flog ( x+y+z) = c 
f ( y) — ky* x k = c y * 26 . y=s\n x-\-cz 

\Zx % +y'+z % +t an" 1 x/z=c. 


EXERCISE X (B) (Page 172) 

y\-yz~xz=cz i 2. x *-xy+y*=cz 

X y+y 8 z+z 2 X=c 4 . x.yz (x+>'-z)=c. 

* ,+v8+ '’= c 


EXERCISE X (C) (Page 176) 

(y+z) e*+v=cr 2 . x*+x^+.v*f-*z=c 

(X-Cj) 0 >-c 2 ) (z— c 3 ) =0 
(x^^+z 2 -^) [ ( x* — |— _y 2 ) z*-c 2 ]=0 
(/x+w^+hz-c,) (/' x+wi' .y+n' z— c 8 )=0 


EXERCISE XI (A) (Page 181) 


0z 9z =1 

a* ay ' 

z=pq. 

q=px+p i . 


2 . < 7 = 2 ,^. 

4 - - a (/>* + <?*+ D^a 1 


EXERCISE XI (B) (Pages 182-183) 



2. y p — x q = 0 


3. p x-\-q }’ = 0 




EXERCISE XI (D) (Page 192) 

1. 4 (x^-y 9 , x 2 -z*)=0 

2. 4 [ (x y ) 2 (x+>--fz), (x-y)J(y-z) ] = 0 

3. <*> [ >"fx, log (z 2 +y 2 -f-2y x+x*)-2x |=0 

4. z'- X y= 4 , ( i ) 
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5. 

6 . 

7. 



10 . 

11 . 

12 . 

1. 




1. 

3. 

4. 

5. 


1. 

2. 

3. 


1. 

3. 



y— x 6 x \ xy ' 

(*+7) log z=x * f ( x+y ) 

• ? [ tan_1 ^~ Jr \ lo g ] 


- f«N 


sin z 


=*( 


sin x 


)■ 


9. logz=--|p +<t> {xy) 


sm > sin y 

{x-y+z)*={x+y-z) <t> (x— 3 y-z) 

xyz-3u=i( y -,~) 

2 ’-*,•=* *»*— *!*)• 

EXERCISE XI (E) (Page 196) 


z=ax+ -^-fc 
a 


2. z=x see a+.y tan a+6. 


z=x (l+a)+^( 1+^ )+c. 

Z=a X+(l-a m ) 1,n Y+b 

where z=z {m ~ n ~ 1),{m ~ r>) . 7=1 [y— $ sin 2y), 

'' (x+|sin2x). 

EXERCISE XI (F) (Page 198) 

4c (z-a) = (x+cy+b)*+4. 2. z a (l+a 8 )=8 {x+ay+bj 9 . 

(a a +l) ( c T -z 2 ) = (x+ay+b ) 3 < 

r 2 m-i_( Ci A -^. Cz j>-f-c 3 ) a , where 4m % c x m c 2 ° , = (2m— 1) 

( z-\-a i ) 3 =[x+ay+c ) 2 u 6 . + =cxy* 

EXERCISE XI (G) (Page 199) 

2az=a 2 x a + < y , -K > fl& 

z=f (x+a) s,2 +i (.y-fi) 3/8 +6 , ia 

az=fl.v 2 +a 8 x+e°*4 ab. 4. (2z-ay a — 2&)*=10fl* 

: EXERCISE XI (H) (Page 201) 

z=ax+by-\\o%ab 2 . z=ax-\-by+a t -\b % 

z=ax-\-by—2y/ab. 4. z=ax-\ by— n a l,n b l l\ 

EXERCISE XI (I) (Page 207) 

z= ax e v -H a 2 e iv +b. 2. z=ax+a* >’*+!> 

z s'>=(A-+a) 3 ' 2 +t>-+a// a + 6 . 



ANSWER I 


227 


4. 2-v/ z =»cx-bj»/c-f b 


5 . 


2z=xM- > > 8 +x v 'x a +a a +>V.)'*-l-a 


-Hog 


[ x+v/ x*+a 


0 . 

7. 

9. 

10. 


Vl+a z=»2v/ x-fay+£. 

i,*=-4— 20 

si* v- 


{ >»+v>>-l-a ] 


liL 

iHT 




a* x V y 


+b. 


8. log £= - 1 


bz \ la 1 * 


a • * * xy/ g»-x a a 1 


sin- 1 4- 
* a 


2 


- y - y +* • 


z^a.y+6 (x 8 — a). 

\ 

Miscellaneous Exercise on Chapter XI (Pages 207-208) 


*• (0 ( cos (x-fjp)-fsin (x+>>) } e*' - * 

=*[z V ^ 

(//) /{ (x 8 -z 8 ), (X»-J») }=0 

(«/) /x-f/w^-fnz=« (x 8 -f-.y 8- { - z 8 ) 

(/v) x+^-fz =0 (xj>z) 

( V| ) (x+>»H-z)=<£ (x.yz) 

<»«j 1 


tan 


( 


3j 

8 


x+.y 


)] 


I ^ 

+-v) 8 \^/ 


U-y) 1 (x+>>) 

(v//i) * ( 5=2, fcz \ 

' y—z z—x / 

(/x) xyz=<f> (yz+zx+xy) 

« * < s £-:)-> 

(*»> **+>'+ z *= z<1 ( y _ ) 

(*/«) ^ ‘ ♦ ( * + * \ 
xV V V* x* ' 


f 
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(xiv) <t> ( xy—z z , x*—y—z ). 

3. (I-) 2z=( *+ay )‘+b. 

(ii) z^xy+yy/x'—af+bn z=xy+xj y 2 +a i *+b i . 

4. ( i ) z=mxi-y e~ mta -\-c 

(ii) az—l=ce x+av 

( iii ) xz=ay+2y/ax-\-b 

w z=a X x+ HTvio y ) +c 


( v) z*=X\/ X- + a 2 +yv y % —a % -f a* log 

(vi) z=ax-\-b e v (y+a)-°+c 


x-\-\/ x'+a* 


y+V y*—a 2 


+* 


(vi7) z 2 ± [ zy/ z 2 —4a?—4a i log (z-\-y/(z 2 —4d t )]—4(x-\-ay-\-b). 

(viii) z=ax+by+y/aa 2 -\- ftW+y 
(ix) (a*+z *)* l2 = 3 (x+ay)+c 


(*> *>->/«= +^g?. 

2—/ m-f-l a(n+l) 




(*0 *“*=§ / { \ (x+y)*+A }»/• (dx-\- dy) l:- 

+ * / { * (*- jO a -<4 }*/ 2 

(x/7) z=a\/*-h>'+v'l — a % \/x— y+b. 

(xiii) (2z—b)=a (x+y)-x*-y*+i (x-y) { a 2 + 2 (*-;>) a J 1 / 2 . 

+- 27 ^ >°g [ 2 (^) + V2{ « a +2 (*->■)* p/> ] 
(xiv) z=A+x cos a-J-£ cos a log cosh 2^+sin a tan -1 e 2y . 


5. (v»7j z—b. 


y2 ill ^2 

<*> a + f ^ 




